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The deep relationship between
mathematics and programming,
especially generic programming.
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| Understanding the principles of generic programming
will make you a better programmer

| To understand the principles of generic programming,
you need to understand abstraction

| To understand abstraction, you need to understand
the mathematics on which it’s based
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la=a
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int multiplyO(int n, 1nt a) {
if (nh == 1) return a;

return multiplyO(n - 1, a) + a;
¥
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% % o®d(n) ! half(n) = half(n B 1%
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bool odd(int n) { return n & Ox1; }
int half(int n) { return n >> 1; }
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int multiplyl(int n, 1nt a) {
1f (n == 1) return a;
1nt result =
multiplylChalf(n), a + a);
1f (odd(n)) result = result + a;
return result;
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We have replaced an O(n) algorithm
with a O(log n) algorithm.
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multiply_by_15

int multiply_by_15(int a) {

int b = (a + a) + a; // b == 3*a
int ¢ = b + b; // Cc == 6%*a
return (c + c) + b; // 12*a + 3*a

}

! AYO'TTO+H/-1%
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multiply-accumulate

I + Na
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It is often easier to do more rather than less.
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int mult_accO(int r, int n, int a) {
1f (n == 1) return r + a;
it (odd(n))
return mult_accO(r + a, half(n), a + a);
} else {
return mult_accO(r, half(n), a + a);
}
}

R/I™O'/(T % %+ na=ry+ nya,
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|

int mult_accl(int r, int n, int a) {

| if (n == 1) return r + a;

1f (odd(n)) r = r + a;

return mult_accl(r, half(n), a + a);

iL

%
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int mult_acc2(int r, 1nt n, 1nt a) {
if (odd(n)) {
r=r + a;
if (nh == 1) return r;
}

return mult_acc2(r, half(n), a + a);
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%Nnt mult_acc3(int r, int n, int a) {
% 1t (odd(n)) {

" if (n == 1) return r;
o }

0 n = half(n);

% a = a + a;

%  return mult_acc3(r, n, a);

ok

%
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int mult_acc4(int r, 1nt n, 1nt a) {
while (true) {
1f (odd(n)) {
r=r + a;
1if (n == 1) return r;
}
n
a

¥
}

half(n);
a + a;
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%

o, 1t multiply2(int n, 1nt a) {

o 1f (n == 1) return a;

] return mult_acc4(a, n - 1, a);
%}

%
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int multiply3(int n, 1nt a) {
while ('odd(n)) {

a = a + a;
= haIf(n)
}
1f (n == 1) return a;

I
I
I
I N
I
I
I

return mult_accd4(a, n - 1, a);

¥
%
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int multiply4d(int n, 1nt a) {
while (lodd(n)) {

a=a+ a
h = half(n);

}

1if (nh == 1) return a;

// even(n - 1) =>n -1 I=1
return mult_acc4(a, half(n - 1), a + a);:

}
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Pythagoreans applied themselves to the study of
mathematics. They thought that its principles
must be the principles of all existing things.
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template <Iterator I>
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N*A66%:'O*%0(

%

% #Uefine Iterator typename

%
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template <RandomAccessIterator I, Integer N>
void mark_sieve(I first, I last, N factor)
{
// assert(first != last)
*first = false;
while (last - first > factor) {
first = first + factor;
*first = false;

%
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template <RandomAccessIterator I, Integer N>
void siftO(I first, N n) {
std::fil11(first, first + n, true);
N 1(0);
N index_square(3);
while (index_square < n) {
UliBwariantTO4/*H}-g4"* %0%C0~C%h%a0%h%;%
if (First[i]) {
UU%0:%,4""*/(%,'/707'(*%0-%D"0$*%
mark_sieve(first + index_square,
first + n, UU%6'-(%
7 + 1 + 3); UU%!,(#'%
} .
++1;
index_square = 2#7%(7 + 3) + 3;

O
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template <RandomAccessIterator I, Integer N>
void siftl(I first, N n) {
I last = first + n;
std::fil11(first, last, true);
N 1(C0);
N index_square(3);
N factor(3);
while (index_square < n) {
UliRgariant TO6/*H}-g4"* %0%C0~C%h%a0%h%;B%:',(#"%0%C0%h%;
if (first[i]) {
mark_sieve(first + index_square, last, factor);
} .
++1;
factor = 1 + 1
1ndex_square =

+ 3;
2*1*%(1 + 3) + 3;
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%Y%actor = i + i + 3;
index_square = 3 + 2*1*(1 + 3);

NO()%

factor += Ofyctor;

index_square += 0;pgex_square’
%
N)*98 . o TTY® o7y gams Y0 *%0()*% 70V*"™/,*-%
@*(N**/%-4,,*--01*%%I'64*-%#:%:",(#"%71T1N%H-94"* =%
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= 1+ 1+ + 1+ + ! 1 7l
= 1+ =( 1+ )+( 1+ + )
=( i+ )+ @+ )+ )
= IDFWRUDFWR |
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template <RandomAccessIterator I, Integer N>
void sift(I first, N n) {
I last = first + n;
std::fil11(first, last, true);
N 1C0);
N index_square(3);
N factor(3);
while (index_square < n) {
UU%0/1"0'/OV78H}-g4"* %0%C0~C%h%a0%h%;B%:',(#"%0%C0%h%
1if (Ffirst[1]) {
mark_sieve(first + index_square, last, factor);
}

++1;

index_square += factor;
factor += N(2);
index_square += factor;

} cQ%
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6=2-3=2L.(2%21 1)
28=4.7=2%.(2°1 1)

120=8- =22.(2*! 1) not perfect
496 = 16-31=2*-(2°! 1)
2016 = 32 = 2°.(2°! 1) not perfect

8128 = 64 -127 = 2°. (271 1)
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$(n) = #(n) Bn
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If 21 D1 is prime, ther2" 1 (27 P1) is perfect.
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gem(DD= D
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egem(DBE= gem( E D
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Tine_segment gcm(line_segment a,
line_segment b) {
it (a == b) return a;
it (b < a) return gcm(a - b, b);
/* 1f (a < b) */ return gcm(a, b - a);
}
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There is no segment that can
measure both the side and

the diagonal of a square.

1"##: T%%G--4$*% #/(""E%8%
0 (%()*"+%0-%-4,)%'%-*2$*/ (=%
3#/-07*"%-$'66*-(%-g4"*%() (%
H25(%, 1%$*-4" =%

%

C D



1"##.%VCW%

ol 1-0/2%"46*"%'/7% #$D'--B2~
("4, (%-*2$*/(-% 4

$)= $¢
% ()L $¢

%II



1"##.%0V; W%

o 3#/-("4,(Yo(N#Y%SH"*%
D*'D*/70,46"%-*2$*/(-T" " 4

CG L AC
EG L EF E




1"##:%V QW%

ol X*960/#NY%()' (%
/8&) (=

/(&)=
! G/7%()'(%()"**%'/26*-%#
("0'/26*%-43$%(#%9e>BY E

& () &Y (& -
| | ! F

ol X)0,)%$*/-% C
L &()=" (&

= &)= ()




1"##. % VAW

| G77%Db/'6%-*2$*/(%Y =Y
oL M'0V26*%GY B0 % B% 4

' $%F ! $)C

! YEQ,#/-("4,+#/%
| $%& ! $)( E

| 5#% G

 $%E&! $F! $)(I ! §)¢

(% E! ()% C
= %E )




1"##.%VaW%

.| G3%$+-4" @6*%@E %D +EN-*0%
ol Gl%$*-4" @6*%-0/,*%0%:(
ol 5HY%TOV*"*/,*%31%0%G 3% B

$*-4" @6*%
! 50/,*%-#,*6*%("0'/26*-%
&)= = % E
! 50/,*%Y3B%3!B%YK%""*%
$*'-4"@6*B%70v*"*/,*%K3
Y3%8%YK%0-%$*-4" @6 G E

ol YA(%/HNY%N*%) 1*%-$'66*"

94" %NO()%S$ 4" @6*%-
[71%70°2#1'6%8% #/("70,+.. ..

%



X)'(%()0-%$*'/-%

| There is no segment that can measure both the
side and the diagonal of a square.
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Given two commensurable magnitudes, to find

their greatest common measure.
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| M)*/Bifothe less be continually subtracted in

turn from the greater, that which is left over
will sometime measure the one before it[%
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| Therefore AF is a common measure of AB, CD.

A F B
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Tine_segment gcmO(line_segment a,
Tine_segment b) {

while (a !'= b) {
1if (b < a) a=a - b;
else b =Db - a;

}

return a;

}

!
a%'[7TH%"* %0/, #$3*/-4" @ 6*%\Hcm0% 7#*-%/# (% (*"$0/' (*=%%
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Tine_segment gcml(line_segment a,
Tine_segment b) {
while (a !'= b) {
while (b < a) a = a - b;
std::swap(a, b);
}

return a;

}

?@-*"1'+#/T%%R/ Mol e%6##D%0-%,#$D4+/2%"*$'0/7*
a%'/ 7Y%
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Tine_segment segment_remainder(line_segment a,
1ine_segment b)
{

while (b < a) a = a - b;
return a;

}
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Tine_segment gcm(line_segment a,
Tine_segment b) {
while (a !'= b) {
a = segment_remainder(a, b);
std: :swap(a, b);
}

return a;
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T1ine_segment
fast_segment_remainder(line_segment a,
Tine_segment b) {
1if (a <= b) return a;
if (a - b <= b) return a - b;
a = fast_segment_remainder(a, b + b);
1if (a <= b) return a;
return a - b;
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B= 45, C= 6.

| o 1f (a <= b) return a;
B!' G (5! 6')N;)' if (a - b <= b) return a - b;
B Q CG@9! 6?)No. a = fast_segment_remainder(a, b + b);
Recurse: if (a <= b) return a;

B= 45, C= 12 return a - b;

B @@45! 12?)No.
B A @(@33! 12?)No.
Recurse:
B= 45, C= 24
Bl Q45! 247?)No.
B A C((21! 247)Yes, return B' C= 21
B# 21
B (1! 12?)No.
return B' C= 9
B# 9
B C@O! 6?)No.
return B' C=9" 6= 3 9;>%
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Tine_segment fast_segment_gcm(line_segment a,
line_segment b) {
while (a !'= b) {
a = fast_segment_remainder(a, b);
std::swap(a, b);
}

return a;



Don’t disturb my circles!%

9;C%



&'()*$'+,-%.#*-%I#"$' (%o
V0/%()*%X*-(W%
ol G/,0%/(%S$'()*$'+,-%D* O-%"#4/7%:7%
*/(4"E%Y3%
o J* 60/*% @*20/-% " #4/7%()*%o+$*%#: %
G",)0$*7*-"%7* ()%
o LHS'/-%0/ (*"*-(*7%0/%*/20/*+"0/2B%/#(%S$' ()%
ol OASSYE*"-0o#:Yo-("2/ +H#%:#66#N-[%



&*'INY06*BY%0/%#()*"%D6' *-[%

o 2()X"%2"*(%,01060U'+#/-%)' T% 7**64D* 7%()*C
#N/%$' ()*$'+, 6% (" TO+H#-T%

| R/%3)0/'B%b,=%$'()*$'+,0'/%S GrBON"#(*%
HBP*/("0*-%#/%Nine Chapters on the
Mathematical Art

| RI%R/7T0B%2%$'()*$'+,0'/%"E'@)'( YoN"#(*%
()*%AryabhatiyaB%' Y% #4/7'+#/'6%(*H(%
#1('0/0/2%$' /EY%O0SD#H" (1(%'62#"0()$-%



L*6'+#/-)ODY% (HY%&HT*"[%&' ()*$'+,-%

o| 8HT* %S ()*$'+,-% V' 7%, #SDA(*"%-,0%/ *W%
7= *T-%:"#$%K 4" #D* [%$'()*$'+,'6%
("7O+#/=%

ol YA(%KA"#D*1%$'()*$'+,-%N'-%0/|4*/,* 7% @ EY
G"@B%i*NO-)B%'/7%1*"-0/%%$'()*$'+,0'/-B%
N"0+/2%0/%G" @0,=%

! M)*-*0%6G" @0,j-D*00/2%$'()*$'+,0'/-%6N*"*0%
()*$-*61*-%0/|4*/,*7%@E%07*-%:"#$%R/70'=



GY%Y"0*:%pO0-(#"E%#: Yoy *"#

ol 3#/,*D(%#:%u*"#%'/ 7% D#-0+#/'6%/#('+#/%7'(
@',0%'(%6*'-(%(#%9A>>%Y 3B%4-*7% @ E%
I_(ll#/#$*ll_%

—1Y 4(%()*E%4-*7%0(%NO0()%@'-*%a>%

ol "**O0'-("#/HP"-Y0@#""#N*7%()0-%@'-*Yoa>"
D#-0+#/'6%/#('+#/%:#" % (" 02#/#3$*("E%

| 5+66B%/#%7*,0%$'6%>%:#"%9>>>UE*"-0% 8%
NO7*-D"*'7%4-*%#:%'@',4-=%



G@',4-%

o q/HNIY%() " HA2)HA(%: " #S Yo
1,0%/(%3)0/"% (#%LH#$*%

ol 1#-0+#/'6%7*,0$'6%
DA (%
| 5+66%N07*6E%4-*7%0/9
*/(4"E%
?L 0%

9:¢%



J*,0$'6%y*"#%!0/' 66 E%G "0l *-

| RI707%$'()*$'+,0'/-% #$@0/* 7%/ (4"'6mM%
7* 0$'6%0/(*2*"-%NO() Y DH#-0-+#/'6%/#(+#/%'/
U*"H#% " #4177 %86, */ (4"E%G I=%

o d#(+#/%-D"*'7%()"#42)%R/70'%(#%1*"-0'%:"
a0 %% (#%f+/ (4" E%GI=%

| G"@%-,)#6""-% THD(*7%0(%"/7%0(%N'-%('42
T HE% Y27 7% (#%3'0" #% (HY03H TH@' =%



L*@0"()%# %K A #D* 1%&' ()*$'+,-
| 14@60,'+#/%0/%9Ceierbaci VIM)* %Y ##OU

#:%3'6,46'+#/MW% @ E% S*#/™ 7#%10-'/#=%

o| RI("HT4,*-%>%'T%T7*,0$'6% D#-0+#/ 6%/ #('+#
(HY%K 4" #D*[-%

o| G6-#Y/#Nj-(17""7%'62#"0()$-%Y0:#"%"0()$*+,%
—N6#/2m%'770+#/B%-4@ (", +#/B%7010-0#/B%$46+



S*#/"7#%10-'/#B%'0'%!0@#/",,0%
V99c>j,'=%9CQ>W%

| SH/%HYA/,,0 BYLO/ %
("7*"BY%N)H#%@"#42)(%
S*#/" THY%'6#/2%N)*/%
N#"00/2%0/%G62*"0'=%

ol S¥"[*79%In0/74%7020(-m?
T7%#()*"%$'()%: "#$%
()*NG"@-%

o X"H(*%$H-(%0SDH" (1(%
$' ()% @#H#O-%0/%9A>>%
E*"_0%

90>%



M)0/2-%(#%3#/-07*"%

o| &' |EYo-#64+#-%0/%S$'()*$'+,-%7*D*/7%H/%
)'10/2%()*%"02)(%"*D"*-*/('+#/%
o| M)*%-'$*060-% ("4*%#:%D"#2" $$0/2%



S*,(4"*%a%

L*$'0/7*"%' 7% WAH+*/(% G 62#"0()$-%
V3#I*"-9%$' (*"0'6%: "#$%5*,=%Q=AjQ=eW\



VE"HYE' 7TY5*2$* (% S*/2() %

! 2/ *UN*0%)'[*06()*%07* %o You*"#BYN*%, /%
0$'20/*%'%u*"#6*/2()%-*2$*/ (%G G=%
ol M)*/%N*%/**7%(#%(N* O%#4" Y%o: 4/, +#/-Yo (#%
)'/76*%U*"H6*/2()%-*2$*/(-=%
—13'/7(%'66HNTEB" 24/ (Yoi:%"*$'0/ 7" Yo: 4 +#/%o(#C
@*%>=%
—IL*$'0/7*"-%-)0{% (#%""/2*% T >B%/891=%



I'-(%5*2%*/ (% LY P96 NO() Yoy*"

T1ine_segment
fast_segment_remainderl(line_segment a,
line_segment b) {
// precondition: b I=0
if (a < b) return a;
if (a - b < b) return a - b;
a = fast_segment_remainderl(a, b + b);
if (a < b) return a;
return a - b;
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Tine_segment largest_doubling(line_segment a,
line_segment b) {
// precondition: b =0
while (a - b >=b) b =Db + b;
return b;
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l1ne_segment remainder(line_segment a,

line_segment b) {
// precondition: b I= 0

1if (a < b) return a;
T1ne_segment ¢ = largest_doubling(a, b);
a=a- C;
while (c '= b) {
c = half(c);
1f (c <= a) a =a - c;
¥

return a;
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if (a < b) return a;

. . line_segment c =

B=45, C=6 lTargest_doubling(a, b);
B< C (45 < 67) No. a=a- C;

D largest _doubling (45,6) = 24 while (c != b) {

B B D=45" 24 =2] ¢ = half(c);

if (c <= a) a=a - c;
loop : }
Bt C (24 # 6)7 Yes, keep going. return a,

D half (D= half (24) =12

5 B(12$ 21)? Yes. B B D=21" 12=9
B C (12 # 6)7 Yes, keep going.

D half (D= half (12) =6

b B(6$9)? Yes. BB B D=9" 6 =3
B C (6 # 6)? No, done with loop.

return B= 3
901%
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integer quotient(line_segment a,
line_segment b) {
// Precondition: b > 0
1f (a < b) return integer(0);
T1ne_segment ¢ = largest_doubling(a, b);
integer n(1);
a=a- C;
while (c !'= b) {
c = half(c); n =n + n;
if (cx<=a) {a=a-c;n=n+1; }
}

return n,



if (a < b) return integer(0);
C =

Ml"10/2%g4#+*/(VQA%&\ﬁé{mﬁfdoubﬁng(a, b);

integer n(1l);

a= b= a=a- C;
a<b?( < ?)/P while (c != b) {
¢! largest @oubling ( , )= c = half(c); n=n + n;
0l 1f (c <= a) {
. a=a-¢C n=n+ 1;
al! a" c= = 1
MPPQ )
c# b?( # )?:FTLFFQ HPJOMH|return nj
c! halff (¢=half ( )= ; n! n+n= + =
c$a?( $ )? :FTa! a" c= =
n! n+ = + =
c#b?( # )? FTLEFFQHPJOH
c! halff (¢=half ( )= ; n! n+n= + =

c$a?( $ )? :FTa! a" c=

c# b?( #
SFUNSO

n! n+ = +

)? /P, EPOF XJUI MPPQ

9A9%
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std: :pair<integer, line_segment>
quotient_remainder(line_segment a,
Tine_segment b) {
// Precondition: b > 0
if (a < b) return {integer(0), a};
Tine_segment ¢ = largest_doubling(a, b);
integer n(1l);
a=a- C;
while (c != b) {
c = half(c); n = n + n;
1f (c<x<=a) {a=a-c;n=n+1; }
}
return {n, a};

} 9A:%
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If you’ve already done the work to get some
useful result, don’t throw it away.
Return it to the caller.
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Tine_segment remainder_fibo(line_segment a,
1ine_segment b) {
// Precondition: b > 0
if (a < b) return a;
line_segment c = b;
do {
Tine_segment tmp = c; c=b + c; b
} while (a >= ©);
do {
1if (a >=b) a =a - b;
Tine_segment tmp = ¢ - b; ¢ = b; b = tmp;
} while (b < ©);
return a;

tmp;
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Tine_segment gcm_remainder(line_segment a,
T1ne_segment b) {
while (b !'= lTine_segment(0)) {
a = remainder(a, b);
std::swap(a, b);
¥

return a,
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integer gcd(integer a, integer b) {
while (b !'= integer(0)) {
a=ab;
std: :swap(a, b);
¥

return a;
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