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The	
  deep	
  rela*onship	
  between	
  
mathema*cs	
  and	
  programming,	
  
especially	
  generic	
  programming.	
  

;%



X)'(%J#%X*%&*'/%YE%
.*/*"0,%1"#2"'$$0/2Z%

	
  
Generic	
  Programming	
  0-%'/%
•! 'DD"#',)%(#%D"#2"'$$0/2[%
•! :#,4-*7%#/%7*-02/0/2%'62#"0()$-%'/7%

7'('%-("4,(4"*-%-#%()'(%()*E%N#"O%
0/%()*%$#-(%2*/*"'6%-*\/2[%

•! N0()#4(%6#--%#:%*],0*/,E%

Q%



X'0(B%N)'(Z%

•! X)'(%'@#4(%()0/2-%60O*%(*$D6'(*-B%0(*"'(#"%("'0(-B%'/7%
$*('D"#2"'$$0/2 Z%
–!3#/-("4,(-%60O*%(*$D6'(*-%'"*%(##6-%/**7*7%:#"%(#7'E^-%

6'/24'2*-%(#%-4DD#"(%2*/*"0,%D"#2"'$$0/2%

–!_#4%/**7%(#%O/#N%)#N%(#%4-*%()*$B%@4(%()*E%'"*%`4-(%
$*'/-%(#%'/%*/7%

•! .*/*"0,%D"#2"'$$0/2%0-%$#"*%#:%'/%a:tude%()'/%'%
D'"+,46'"%-*(%#:%(##6-%

A%



?"020/-%#:%
.*/*"0,%1"#2"'$$0/2%GDD"#',)%

Abstract	
  Algebra:	
  	
  Y"'/,)%#:%$'()*$'+,-%
,#/,*"/*7%N0()%"*'-#/0/2%'@#4(%*/++*-%0/%
(*"$-%#:%'@-("',(%D"#D*"+*-%#:%#D*"'+#/-%#/%
()*$%

•! M)0-%,#4"-*%N066%0/("#74,*%E#4%(#%-#$*%#:%()*%
@'-0,%07*'-%#:%'@-("',(%'62*@"'%

•! M)*/%N*^66%-**%)#N%(#%'DD6E%()*-*%07*'-%(#%
D"#2"'$$0/2%

a%



X)'(%G"*%X*%G@-("',+/2Z%

•! X)*/%E#4^"*%("E0/2%(#%b/7%()*%$#-(%2*/*"'6%
N'E%(#%*HD"*--%'/%'62#"0()$B%#"%'%
$'()*$'+,'6%07*'B%E#4%/**7%(#%-('"(%N0()%'%
,#/,"*(*%D"#@6*$%'/7%,#/,"*(*%*H'$D6*-%

•! R/%$'()*$'+,-B%()*%,#/,"*(*%D"#@6*$-%()'(%
7"#I*%'@-("',(%'62*@"'%,#$*%:"#$%number	
  
theory=%

c%



d4$@*"%M)*#"E%

Number	
  TheoryT%%Y"'/,)%#:%$'()*$'+,-%()'(%
7*'6-%N0()%D"#D*"+*-%#:%0/(*2*"-B%*-D*,0'66E%
70I0-0@060(E=%

%
•! R/%()0-%,#4"-*B%N*^66%0/("#74,*%-#$*%,6'--0,%

D"#@6*$-%'/7%"*-46(-%0/%/4$@*"%()*#"E=%
•! S'(*"%N*^66%-**%)#N%-#$*%#:%()*-*%"*-46(-%

'DD6E%(#%'%$#7*"/B%D"',+,'6%D"#@6*$=%

e%



GDD"#',)%

M)0-%,#4"-*%N066%N*'I*%(#2*()*"%$'()*$'+,-%
'/7%D"#2"'$$0/2%
•! 5#$*%D'"(-%N066%@*%`4-(%'@#4(%$'()%
•! 5#$*%D'"(-%N066%@*%`4-(%'@#4(%D"#2"'$$0/2%
•! 5#$*%D'"(-%N066%@*%'@#4(%@#()%

f%



1"#2"'$$0/2%1"*"*g40-0(*-%

•! _#4%-)#467%@*%,#$:#"('@6*%"*'70/2%'/7%
N"0+/2%,#7*%0/%'/%0$D*"'+I*%6'/24'2*%60O*%3B%
3hhB%#"%i'I'%

•! ?4"%*H'$D6*-%4-*%3hhB%@4(%()*%@'-0,%07*'-%#:%
2*/*"0,%D"#2"'$$0/2%'"*%/#(%6'/24'2*j
-D*,0b,%

9>%



&'()*$'+,'6%1"*"*g40-0(*-%

•! d#%-D*,0b,%O/#N6*72*%@*E#/7%)02)j-,)##6%
'62*@"'%

Y4(T%
•! _#4%/**7%(#%@*%'@6*%(#%()0/O%6#20,'66E%
•! R(%N066%)*6D%0:%E#4%)'I*%-#$*%*HD*"0*/,*%N0()%

$'()*$'+,'6%D"##:-%

99%



3#4"-*%0/%'%d4(-)*66%

•! Understanding	
  the	
  principles	
  of	
  generic	
  programming	
  
will	
  make	
  you	
  a	
  beBer	
  programmer	
  

•! To	
  understand	
  the	
  principles	
  of	
  generic	
  programming,	
  
you	
  need	
  to	
  understand	
  abstrac*on	
  

•! To	
  understand	
  abstrac*on,	
  you	
  need	
  to	
  understand	
  
the	
  mathema*cs	
  on	
  which	
  it’s	
  based	
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•! !#"$'66ET%

1a = a!
(n + 1)a = na + a

•! R/%,#7*T%

int multiply0(int n, int a) { 

      if (n == 1) return a; 

      return multiply0(n - 1, a) + a; 

  } 

!
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% % %4a = ((a + a) + a) + a
= (a + a) + (a + a) %
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% % % %%
% % %odd(n)   !    half(n) = half(n Ð 1)%

•! R/%,#7*T%
!
bool odd(int n) { return n & 0x1; } 

 int half(int n) { return n >> 1; } 

C9%



K2ED+'/%&46+D60,'+#/%G62#"0()$%

int multiply1(int n, int a) { 
    if (n == 1) return a; 
    int result =  
   multiply1(half(n), a + a); 

    if (odd(n)) result = result + a; 
    return result; 
} 
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V-#$*%-'E%0/%L4--0'B%@4(%I	
  have	
  not	
  been	
  able	
  to	
  verify	
  thisW===m%%

% % %50"%M)#$'-%p*'()B%History	
  of	
  Greek	
  Mathema*cs,	
  9f99%

%
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N)*"*%! (n) 0-%()*%/4$@*"%#:%9-%0/%()*%@0/'"E%
"*D"*-*/('+#/%#:%n%V()*%D#D46'+#/%,#4/(%#"%pop	
  countW%

%

We	
  have	
  replaced	
  an	
  O(n)	
  algorithm	
  
with	
  a	
  O(log	
  n)	
  algorithm.	
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#+(15) = 3+ 4 ! 1 = 6



multiply_by_15 

•! A%'770+#/-r%
•! X*%)'I*%70-,#I*"*7%'/%#D+$'6%addi*on	
  chain	
  :#"%9A=%
•! p#N*I*"B%N*^66%-+,O%N0()%K2ED+'/%&46+D60,'+#/%:#"%

()*%2*/*"'6%,'-*=%

Ca%

int multiply_by_15(int a) { 
    int b = (a + a) + a;  // b == 3*a 
    int c = b + b;     // c == 6*a 
    return (c + c) + b;   // 12*a + 3*a 
} 
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r + na

a%'/7%n%'"*%()*%I'64*-%N*^"*%$46+D6E0/2s%
r%0-%'%"4//0/2%(#('6=%

%
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It	
  is	
  oNen	
  easier	
  to	
  do	
  more	
  rather	
  than	
  less.	
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R/I'"0'/(T % %r + na = r0 + n0a0

;>%

int mult_acc0(int r, int n, int a) { 
  if (n == 1) return r + a; 
  if (odd(n))  
    return mult_acc0(r + a, half(n), a + a); 
  } else { 
    return mult_acc0(r, half(n), a + a); 
  } 
} 
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  recursive	
  0:%0(%,'66-%0(-*6:%0/%0(-%
"*(4"/%-('(*$*/(%V#/6EW=%

;9%



M'06%L*,4"-0I*%&46+D6EjG,,4$46'(*%

!
!
!
!
!
!
!

%
?@-*"I'+#/-T%
•! /%0-%4-4'66E%/#(%9=%
•! 0:%/%0-%*I*/B%0(%0-%/#(%9=%
%

;C%

int mult_acc1(int r, int n, int a) { 
    if (n == 1) return r + a; 
    if (odd(n)) r = r + a; 
    return mult_acc1(r, half(n), a + a); 
} 
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;;%

int mult_acc2(int r, int n, int a) { 
    if (odd(n)) { 
        r = r + a; 
        if (n == 1) return r; 
    } 
    return mult_acc2(r, half(n), a + a); 
} 
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•! G%:4/,+#/%0-%strictly	
  tail	
  recursive	
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%

%
%

%

%
%

%
%

;A%

int mult_acc3(int r, int n, int a) { 
    if (odd(n)) { 
        r = r + a; 
        if (n == 1) return r; 
    } 
    n = half(n); 
    a = a + a; 
    return mult_acc3(r, n, a); 
} 
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;a%

int mult_acc4(int r, int n, int a) { 
  while (true) { 
    if (odd(n)) { 
      r = r + a; 
      if (n == 1) return r; 
    } 
    n = half(n); 
    a = a + a; 
  } 
} 
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;c%

int multiply2(int n, int a) { 
    if (n == 1) return a; 
    return mult_acc4(a, n - 1, a); 
} 
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!
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!

!
!

%
!
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int multiply3(int n, int a) { 
    while (!odd(n)) { 
        a = a + a; 
        n = half(n); 
    } 
    if (n == 1) return a; 
    return mult_acc4(a, n - 1, a); 
} 
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;f%

int multiply4(int n, int a) { 
  while (!odd(n)) { 
      a = a + a 
      n = half(n); 
  } 
  if (n == 1) return a; 
  // even(n - 1) => n - 1 != 1 
  return mult_acc4(a, half(n - 1), a + a); 
} 
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Pythagoreans	
  applied	
  themselves	
  to	
  the	
  study	
  of	
  
mathema*cs.	
  	
  They	
  thought	
  that	
  its	
  principles	
  
must	
  be	
  the	
  principles	
  of	
  all	
  exis*ng	
  things.	
  

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%G"0-(#(6*B%Metaphysics%
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! �Q=
�Q�

�L= ��

(���L! ��) = �Q��
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G/E%/4$@*"%0-%*0()*"%D"0$*%#"%70I0-0@6*%@E%-#$*%
D"0$*=%
%
R:%/#(B%l'/%0/b/0(*%-*g4*/,*%#:%/4$@*"-%N066%
70I07*%()*%/4$@*"B%*',)%#:%N)0,)%0-%6*--%()'/%
()*%#()*"s%'/7%()0-%0-%0$D#--0@6*=m%
%

AC%
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%

For	
  any	
  sequence	
  of	
  primes	
  {p1, É, pn}!
there	
  is	
  a	
  prime	
  p	
  not	
  in	
  the	
  sequence.%

1"##:T%%3#/-07*"%()*%/4$@*"%
%
YE%,#/-("4,+#/B%q%0-%/#(%70I0-0@6*%@E%'/E%pi=%
%
K0()*"%q%0-%D"0$*%

%0/%N)0,)%,'-*%0(%0-%'%D"0$*%/#(%0/%()*%-*g4*/,*%
#"%q%0-%70I0-0@6*%@E%-#$*%/*N%D"0$*B%%

%N)0,)%0-%@E%7*b/0+#/%/#(%0/%()*%-*g4*/,*=%
M)*"*:#"*B%()*"*%'"*%0/b/0(*6E%$'/E%D"0$*-=%

A;%

�T= 1 +
�Q!

�L=1
�S�L
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•! Y#"/%0/%3E"*/*B%S0@E'%
•! 5(470*7%0/%G()*/-%

VD#--0@6E%N0()%y*/#W%

•! M4(#"*7%1(#6*$E%
K4*"2*(*-%VO0/2%#:%K2ED(W%

•! &*'-4"*7%,0",4$:*"*/,*%
#:%()*%K'"()%VN0()0/%CzrW%

•! G%:"0*/7%#:%G",)0$*7*-%

AQ%
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•! &*()#7%:#"%b/70/2%D"0$*-%
•! .*/*"'6%R7*'T%
–!S0-(%'66%()*%0/(*2*"-%-('"+/2%N0()%()*%b"-(%D"0$*%
–!3"#--%#4(%$46+D6*-%V()*E%l:'66%()"#42)m%()*%-0*I*mW%

–!X)'(*I*"%0-%6*{%0-%D"0$*%

•! Y4(%7#/^(%N'-(*%+$*%#/%*I*/%/4$@*"-%
V-#%',(4'66E%-('"(%N0()%;W%

AA%
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50/,*%N*^I*%,"#--*7%#4(%'66%$46+D6*-%4D%(#%%%%%%%%%%%%%
N*^"*%7#/*%8%"*$'0/0/2%/4$@*"-%'"*%D"0$*=%
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!�� ""���� ""���� ""���� ""����
""���� ""���� ""���� ""���� ""���� ""����

a>%



G%6##O%@',O%'(%()*%D"#,*--%

S*(^-%O**D%'/%0/7*H%'""'E%'6#/2-07*%()*%I'64*-T%
%

%
?@-*"I'+#/-T%
•! X)*/%,"#--0/2%#4(%$46+D6*-%#:%nB%l-(*D%-0u*m%0-%n
•! J0v*"*/,*%@*(N**/%(N#%I'64*-%0-%(N0,*%()*%

70v*"*/,*%@*(N**/%(N#%0/70,*-%
•! !0"-(%/4$@*"%,"#--*7%#4(%:#"%'%:',(#"%n%0-%n2%%

a9%

�Y�Y�Y�J�O�E�F�Y�� �� �� �� �� �� �� �� �� �� �� ���� ���� ���� ���� ���� ���� ���� �����y�Y�Y�Y
�Y�Y�Y�W�B�M�V�F�T���� ������ �� !�� ���� ���� ""���� ���� ���� ""���� ���� ""���� ""���� ���� ���� ""���� ""���� �����y �Y�Y�Y
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•! d'0I*%'DD"#',)T%-(#"*%'""'E%#:%I'64*-%'/7%'""'E%
#:%|'2-%0/70,'+/2%N)*()*"%,#""*-D#/70/2%I'64*%
0-%D"0$*=%

•! Y4(%I'64*-%,'/%@*%("0I0'66E%,#$D4(*7%:"#$%
0/7*HT%i() %I'64*%0-%;%h%Ci=%

•! 5#B%N*%#/6E%/**7%()*%'""'E%#:%|'2-=%

aC%
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•! Concepts%'"*%"*g40"*$*/(-%#/%(ED*-=%

•! X*%4-*%()*$%0/-(*'7%#:%typename%(#%-'E%N)'(%
(ED*-%#4"%(*$D6'(*%'"24$*/(-%-)#467%@*T%

template <Iterator I> 

•! 50/,*%3hh%7#*-/^(%O/#N%'@#4(%,#/,*D(-%VE*(WB%
N*^66%:'O*%0(T%

% %#define Iterator typename 

%
K/7%#:%J02"*--0#/%a;%
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aQ%

template <RandomAccessIterator I, Integer N> 
void mark_sieve(I first, I last, N factor) 
{ 
    // assert(first != last) 
    *first = false; 
    while (last - first > factor) { 
        first = first + factor; 
        *first = false; 
    } 
} 
%
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•! M)*%-g4'"*%#:%()*%-$'66*-(%D"0$*%:',(#"%#:%'%
,#$D#-0(*%/4$@*"%c%0-%6*--%#"%*g4'6%()'/%c=%

•! G/E%,#$D#-0(*%/4$@*"%6*--%()'/%p2%0-%-0{*7%@E%
V0=*=%,"#--*7%#4(%'-%'%$46+D6*%#:W%'%D"0$*%6*--%
()'/%p=%

•! X)*/%-0{0/2%@E%pB%-('"(%$'"O0/2%'(%p2=%

•! R:%N*%N'/(%(#%-0{%/4$@*"-%4D%(#%mB%-(#D%
-0{0/2%N)*/%p2 " m=%

%
% aA%
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aa%

value at index �L: value(�L) = 3 + 2�L= 2�L+ 3

index of value �Y: index(�Y) =
�Y! 3
2

�Y�Y�Y�J�O�E�F�Y�� �� �� �� �� �� �� �� �� �� �� ���� ���� ���� ���� ���� ���� ���� �����y�Y�Y�Y
�Y�Y�Y�W�B�M�V�F�T���� ������ �� !�� ���� ���� ""���� ���� ���� ""���� ���� ""���� ""���� ���� ���� ""���� ""���� �����y �Y�Y�Y
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ac%

�V�W�H�S���E�H�W�Z�H�H�Q���P�X�O�W�L�S�O�Hk �D�Q�G���P�X�O�W�L�S�O�Hk + � � � R� I� �� Y� D� O� X� H� �� D� Wi��

�V�W�H�S(i) = �L�Q�G�H�[((k + ��)( ��i + ��)) ! �L�Q�G�H�[(k(��i + ��))

= �L�Q�G�H�[(��ki + ��k + ��i + ��) ! �L�Q�G�H�[(��ki + ��k)

=
(��ki + ��k + ��i + ��) ! ��

��
!

(��ki + ��k) ! ��
��

=
��i + ��

��
= ��i + ��

�Y�Y�Y�J�O�E�F�Y�� �� �� �� �� �� �� �� �� �� �� ���� ���� ���� ���� ���� ���� ���� �����y�Y�Y�Y
�Y�Y�Y�W�B�M�V�F�T���� ������ �� !�� ���� ���� ""���� ���� ���� ""���� ���� ""���� ""���� ���� ���� ""���� ""���� �����y �Y�Y�Y
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ae%

�L�Q�G�H�[���R�I���V�T�X�D�U�H���R�I���Y�D�O�X�H���D�Wi��

�L�Q�G�H�[(�Y�D�O�X�H(i)��) =
(��i + ��)�� ! ��

��

=
��i�� + ����i + �� ! ��

��
= ��i�� + ��i + ��

�Y�Y�Y�J�O�E�F�Y�� �� �� �� �� �� �� �� �� �� �� ���� ���� ���� ���� ���� ���� ���� �����y�Y�Y�Y
�Y�Y�Y�W�B�M�V�F�T���� ������ �� !�� ���� ���� ""���� ���� ���� ""���� ���� ""���� ""���� ���� ���� ""���� ""���� �����y �Y�Y�Y
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template <RandomAccessIterator I, Integer N> 
void sift0(I first, N n) { 
    std::fill(first, first + n, true); 
    N i(0); 
    N index_square(3); 
    while (index_square < n) { 
        UU%invariantT%0/7*H}-g4'"* %o%C0~C%h%a0%h%;%
        if (first[i]) {             

   UU%0:%,4""*/(%,'/707'(*%0-%D"0$*%
            mark_sieve(first + index_square,  
                       first + n,  UU%6'-(%
                       i + i + 3); UU%:',(#"%
        } 
        ++i; 
        index_square = 2*i*(i + 3) + 3; 
    } 
} 
%

af%
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template <RandomAccessIterator I, Integer N> 
void sift1(I first, N n) { 
  I last = first + n; 
  std::fill(first, last, true); 
  N i(0); 
  N index_square(3); 
  N factor(3); 
  while (index_square < n) { 
      UU%invariantT%0/7*H}-g4'"* %o%C0~C%h%a0%h%;B%:',(#"%o%C0%h%;%
      if (first[i]) { 
          mark_sieve(first + index_square, last, factor); 
      } 
      ++i; 
      factor = i + i + 3; 
      index_square = 2*i*(i + 3) + 3; 
  } 
} c>%
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Strength	
  reduc$on%0-%'%compiler	
  op*miza*on	
  
N)*"*%*HD*/-0I*%#D*"'+#/-%'"*%"*D6',*7%N0()%
*g40I'6*/(%@4(%6*--%*HD*/-0I*%#D*"'+#/-=%%

%

c9%
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L*D6',*%
%%factor = i + i + 3; 
 index_square =  3 + 2*i*(i + 3); 

N0()%
factor += δfactor; 

 index_square += δindex_square; 

%
N)*"*%• :',(#"  '/7%• 0/7*H}-g4'"* %'"*%()*%70v*"*/,*-%
@*(N**/%-4,,*--0I*%%I'64*-%#:%:',(#"%'/7%0/7*H}-g4'"* =%

	
  
!
%

cC%



"  ,#$D4('+#/-%

c;%

δfactor : (��(i + ��) + ��) ! (��i + ��) = ��

δindex�Bsquare : (��(i + ��)�� + ��(i + ��) + ��) ! (��i�� + ��i + ��)

= ��i�� + ��i + �� + ��i + �� + �� ! ��i�� ! ��i ! ��

= ��i + �� = ( ��i + ��) + ( ��i + �� + ��)

= ( ��i + ��) + ( ��(i + ��) + ��)

= �I�D�F�W�R�U(i) + �I�D�F�W�R�U(i + ��)
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cQ%

template <RandomAccessIterator I, Integer N> 
void sift(I first, N n) { 
  I last = first + n; 
  std::fill(first, last, true); 
  N i(0); 
  N index_square(3); 
  N factor(3); 
  while (index_square < n) { 
      UU%0/I'"0'/(T%0/7*H}-g4'"* %o%C0~C%h%a0%h%;B%:',(#"%o%C0%h%;%
      if (first[i]) { 
          mark_sieve(first + index_square, last, factor); 
      } 
      ++i; 
      index_square += factor; 
      factor += N(2); 
      index_square += factor; 
  } 
} 
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•! M)*%'/,0*/(%."**O-^%:'-,0/'+#/%N0()%-**$0/26E%
-4D*"b,0'6%D"#D*"+*-%V*=2=%l-)'D*-m%#:%/4$@*"-W%6*7%
(#%()*%70-,#I*"E%#:%0$D#"('/(%$'()*$'+,'6%,#/,*D(-%
V*=2=%D"0$*-W%'/7%()*%b*67%#:%/4$@*"%()*#"E%

•! ?D+$0u0/2%'/%'62#"0()$%0-%#{*/%60(*"'66E%'%$'P*"%#:%
*6*$*/('"E%'62*@"'0,%$'/0D46'+#/%

cA%
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M)*%1E()'2#"*'/%1"#2"'$%
V3#I*"-%$'(*"0'6%:"#$%5*,=%;=Qj;=cW%

%
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G%/4$@*"%0-%perfect%0:%0(%0-%()*%-4$%#:%0(-%D"#D*"%
70I0-#"-=%
%
KH'$D6*T%% %Ce%o%9%h%C%h%Q%h%c%h%9Q%

cc%
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!#4"%1*":*,(%d4$@*"-%

ce%

�� = �� + �� + ��

���� = �� + �� + �� + �� + ����

������ = �� + �� + �� + �� + ���� + ���� + ���� + ������ + ������

�������� = �� + �� + �� + �� + ���� + ���� + ���� + ������ + ������ + ������ + �������� + �������� + ��������
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•! ."**O-%6##O*7%'(%()*%/4$@*"-^%D"0$*%
:',(#"0u'+#/T%

cf%

�� = �� á�� = ���� á��

���� = �� á�� = ���� á��

������ = ���� á���� = ���� á����

�������� = ���� á������ = ���� á������



_*-=%%1*":*,(%N)*/%-*,#/7%(*"$%D"0$*%

3'/%N*%D"#I*%()0-%0-%'6N'E-%("4*Z%

e>%

6 = 2 · 3 = 21 · (22 ! 1)

28 = 4 · 7 = 22 · (23 ! 1)

120 = 8 · ���� = 23 · (24 ! 1) not perfect
496 = 16 · 31 = 24 · (25 ! 1)

2016 = 32 · ���� = 25 · (26 ! 1) not perfect
8128 = 64 · 127 = 26 · (27 ! 1)
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Elements%Y##O%RxB%1"#D#-0+#/%;aT%
%
%
%
%
%

e9%

�,�I
�Q�

�L= 0
2�L �L�V �S�U�L�P�H �W�K�H�Q2�Q

�Q�

�L= 0
2�L �L�V �S�H�U�I�H�F�W��
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J*"0I'+#/T%

eC%

�[2 ! �\2 = ( �[ ! �\)( �[ + �\)

�[3 ! �\3 = ( �[ ! �\)( �[2 + �[�\ + �\2)

...
�[�Q+1 ! �\�Q+1 = ( �[ ! �\)( �[�Q+ �[�Q! 1�\ + á á á+ �[�\�Q! 1 + �\�Q)

�[(�[�Q+ �[�Q! ���\ + á á á+ �[�\�Q! �� + �\�Q) = �[�Q+ �� + �[�Q�\ + �[�Q! ���\�� + á á á+ �[�\�Q

�\(�[�Q+ �[�Q! ���\ + á á á+ �[�\�Q! �� + �\�Q) = �[�Q�\ + �[�Q! ���\�� + á á á+ �[�\�Q+ �\�Q+ ��
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%
J*"0I'+#/T%%%
3#/I*"(%-4$%(#%70v*"*/,*%'/7%4-*%D"*I0#4-%"*-46(=%

e;%

x��n+ �� + y��n+ �� = (x + y)(x��n ! x��n! ��y + á á á! xy��n! �� + y��n)

�[2�Q+ 1 + �\2�Q+ 1 = �[2�Q+ 1 ! ! �\2�Q+ 1

= �[2�Q+ 1 ! (! �\)2�Q+ 1

= ( �[ ! (! �\))( �[2�Q+ �[2�Q! 1(! �\) + á á á+ ( ! �\)2�Q)

= ( �[ + �\)( �[2�Q! �[2�Q! 1�\ + á á á! �[�\2�Q! 1 + �\2�Q)
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%
%
%
YE%70v*"*/,*%#:%D#N*"-%:#"$46'%
%
5#%N*%N066%"*N"0(*%()*%()*#"*$%'-T%

eQ%

�,�I���Q! �� �L�V���S�U�L�P�H�� �W�K�H�Q���Q! ��(���Q! ��) �L�V���S�H�U�I�H�F�W��

(�� ! ��)( ���Q! �� + ���Q! �� + á á á+ �� + ��) = ���Q! ��

�Q! 1!

�L= 0
2�L= (2�Q! 1 + 2�Q! 2 + · · · + 2+ 1)

= (2 ! 1)(2�Q! 1 + 2�Q! 2 + · · · + 2+ 1)
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KH'$D6*T%%CQ%
•! 1"0$*%:',(#"0u'+#/T%%CQ%o%C; %€%;9%
•! 5#%-*(%#:%'66%70I0-#"-%0-T%

%•C>; >B%C9; >B%CC; >B%C; ; >B%C>; 9B%C9; 9B%CC; 9B%C; ; 9‚%
%o%•9B%CB%QB%eB%;B%aB%9CB%CQ‚%

•! 54$%#:%'66%70I0-#"-%0-T%
%C>; >%h%C9; >%h%CC; >%h%C; ; >%h%C>; 9%h%C9; 9%h%CC; 9%h%C; ; 9%

%o%VC>%h%C9%h%CC%h%C; WV;>%h%;9W%
•! 5#%N*%,'/%N"0(*%-4$%#:%70I0-#"-%'-%D"#74,(%#:%-4$-%

eA%



J*b/*%#(n)T%-4$%#:%70I0-#"-%#:%n

R:%()*%D"0$*%:',(#"0u'+#/%#:%n%0-%
%
M)*/%()*%-4$%#:%()*%70I0-#"-%#:%n%0-%

ea%

�Q= �S�D���� �S�D���� . . . �S�D�P�P

�†(�Q) =
�P�

�L=��

(�� + �S�L+ �S���L+ · · · + �S�D�L�L) =
�P�

�L=��

�S�L� ��
�S�L� ��

(�� + �S�L+ �S���L+ · · · + �S�D�L�L)

=
�P�

�L=��

(�S�L� ��)(�� + �S�L+ �S���L+ · · · + �S�D�L�L)

�S�L� ��

=
�P�

�L=��

�S�D�L+��
�L � ��
�S�L� ��
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•! M)*%aliquot	
  sum	
  #:%n%0-%()*%-4$%#:%'66%()*%
D"#D*"%70I0-#"-%#:%nT%

%
$(n) =  #(n) Ð n

	
  
d#N%N*^"*%"*'7E%(#%D"#I*%K4,607^-%()*#"*$T%

If 2n Ð 1 is prime, then 2n Ð 1 (2n Ð 1) is perfect.

ec%



K4,607%RxB%;aT%
If 2n Ð 1 is prime, then 2n Ð 1 (2n Ð 1) is perfect.%

1"##:T%
S*(%%q = 2n Ð 1 (2n Ð 1) %

X*%O/#N%2%'/7%V@E%'--4$D+#/W%2n Ð 1%'"*%D"0$*B%
-#%g%0-%'%D"0$*%:',(#"0u'+#/%#:%()*%:#"$%
%
N)*"*%%
%%%%%%%m = 2, p1 = 2, a1 = n Ð 1, p2 = 2n Ð 1, '/7  a2 = 1=%
5#%4-0/2%#4"%#(n)%:#"$46'[%

ee%

�Q= �S�D���� �S�D���� . . . �S�D�P�P



1"##:%#:%K4,607%RxB%;a%,#/+/4*7%

M)*/%
0=*=%q%0-%()*%-4$%#:%0(-%D"#D*"%70I0-#"-%VD*":*,(W=%%

ef%

�†(�T) =
2(�Q�1)+1 � 1

1 á
(2�Q� 1)2 � 1
(2�Q� 1) � 1

= ( 2�Q� 1) á
(2�Q� 1)2 � 1
(2�Q� 1) � 1 á

(2�Q� 1) + 1
(2�Q� 1) + 1

= ( 2�Q� 1) á
((2�Q� 1)(2�Q� 1) � 1)(( 2�Q� 1) + 1)

((2�Q� 1)(2�Q� 1) � 1)
= ( 2�Q� 1)(( 2�Q� 1) + 1)
= 2�Q(2�Q� 1) = 2 á2�Q�1(2�Q� 1) = 2�T

α(q) = σ(q) � q = ��q � q = q



R-%()*%,#/I*"-*%("4*Z%

•! K4,607^-%()*#"*$%RxB;aT%%
lR:%'%/4$@*"%)'-%:#"$%2nÐ1(2n Ð 1)B%()*/%0(%0-%D*":*,(=m%

•! 3#/I*"-*T%
lR:%'%/4$@*"%0-%D*":*,(B%()*/%0(%)'-%:#"$%2nÐ1(2n Ð 1)=m%
%
–!R/%()*%9e() %,*/(4"EB%S*#/)'"7%K46*"%D"#I*7%()0-%:#"%

*I*/%D*":*,(%/4$@*"-=%
–!R(%)'-%/*I*"%@**/%D"#I*7%:#"%'66%D*":*,(%/4$@*"-=%%

VX*%7#/^(%*I*/%O/#N%0:%#77%D*":*,(%/4$@*"-%*H0-(rW%

f>%



M)*%1E()'2#"*'/%1"#2"'$T%
t/0b,'+#/%#:%&'()*$'+,-%

%

&'()*$'+,-%'-%()*%-,0*/,*%#:%()*%(N#%
:4/7'$*/('6%D*",*D+@6*%'-D*,(-%#:%"*'60(ET%
g4'/+(E%V/4$@*"-W%'/7%-D',*%V2*#$*("EW=%

%

3'/%()*E%@*%4/0b*7Z%

•! p#N%(#%2"#4/7%2*#$*("E%0/%/4$@*"-B%0=*=%
D#-0+I*%0/(*2*"-Z%

f9%



J0-,"*+u0/2%5D',*%N0()%&*'-4"*%

•! 5*2$*/(%V%0-%'%measure%#:%-*2$*/(%A%0v%A%,'/%
@*%"*D"*-*/(*7%'-%'%b/0(*%,#/,'(*/'+#/%#:%
,#D0*-%#:%V=%

•! 5*2$*/(%V%0-%'%common	
  measure%#:%-*2$*/(-%
A%'/7%B%0v%0(%0-%'%$*'-4"*%#:%@#()=%

•! 5*2$*/(%V%0-%()*%greatest	
  common	
  measure	
  
(GCM)	
  #:%A%'/7%B%0:%0(%0-%2"*'(*"%()'/%'/E%#()*"%
,#$$#/%$*'-4"*%#:%A	
  '/7%B=%

fC%



1E()'2#"*'/-%?@-*"I*7%
1"#D*"+*-%#:%.3&%

3'/%4-*%()*-*%D"#D*"+*-%(#%,#$D4(*%.3&[%

f;%

gcm(�D, �D) = �D

gcm(�D, �E) = gcm(�D, �D+ �E)

�E< �D=⇒ gcm(�D, �E) = gcm(�D− �E, �E)

gcm(�D, �E) = gcm(�E, �D)



3#$D4+/2%.3&%

•! &#-(%0$D#"('/(%D"#,*74"*%:"#$%."**O%$'()*$'+,-=%
•! l3#$D4('+#/-m%'"*%"46*"%'/7%,#$D'--%#D*"'+#/-%

#/%60/*%-*2$*/(-=%

line_segment gcm(line_segment a,  
                 line_segment b) { 
    if (a == b)     return a; 
    if (b < a)      return gcm(a - b, b); 
 /* if (a < b) */   return gcm(a, b - a); 
} 

fQ%



KH'$D6*T%%.3&V9faB%QCW%

5#%.3&V9faB%QCW%o%9Q%

fA%

� D � E
������ > ������ �J�F�P���������� ������ � �J�F�P��������� ������ ������ � �J�F�P���������� ������
������ > ������ �J�F�P���������� ������ � �J�F�P��������� ������ ������ � �J�F�P���������� ������
������ > ������ �J�F�P���������� ������ � �J�F�P��������� ������ ������ � �J�F�P�������� ������
���� > ������ �J�F�P�������� ������ � �J�F�P������� ������ ������ � �J�F�P�������� ������
���� < ������ �J�F�P�������� ������ � �J�F�P�������� ����� ������ � �J�F�P�������� ������
���� > ������ �J�F�P�������� ������ � �J�F�P������� ������ ������ � �J�F�P�������� ������
���� =������ �J�F�P�������� ������ � ����



G/%G/,0*/(%."**O%1"##:%M*,)/0g4*%

•! X*66j#"7*"0/2%D"0/,0D6*T%()*%:',(%()'(%'/E%-*(%
#:%/'(4"'6%/4$@*"-%)'-%'%-$'66*-(%*6*$*/(%%

•! t-*%0/%D"##:-T%%%
R/%#"7*"%(#%D"#I*%()'(%-#$*()0/2%7#*-%/#(%*H0-(B%
D"#I*%()'(%0:%0(%*H0-(-B%'%-$'66*"%#/*%'6-#%*H0-(-=%

fa%



M)*%1"##:%M)'(%L40/*7%()*%
1E()'2#"*'/%16'/%V9W%

There	
  is	
  no	
  segment	
  that	
  can	
  
measure	
  both	
  the	
  side	
  and	
  
the	
  diagonal	
  of	
  a	
  square.	
  

	
  
1"##:T%%G--4$*%,#/("'"E%8%
()'(%()*"*%0-%-4,)%'%-*2$*/(=%%
3#/-07*"%-$'66*-(%-g4'"*%()'(%
-*2$*/(%,'/%$*'-4"*=%

%

A"B"

C" D"

fc%



1"##:%VCW%

•! t-0/2%"46*"%'/7%,#$D'--B%
,#/-("4,(%-*2$*/(-%

%

! "#"

$" %"

&"

'"

fe%

�$�) = �$�%

�(�) � �$�&



1"##:%V;W%

•! 3#/-("4,(%(N#%$#"*%
D*"D*/70,46'"%-*2$*/(-T%

E"

A"B"

C" D"

G" F"

ff%

CG � AC
EG � EF



1"##:%VQW%

•! X*%O/#N%()'(%

•! G/7%()'(%()"**%'/26*-%#:%'%
("0'/26*%-4$%(#%9e>B%-#T%

•! X)0,)%$*'/-%

E"

A"B"

C" D"

G" F"

9>>%

��&�)�(= ����!

��(�&�)= ����!

! �&�(�)= ������! ! ! �&�)�(! ! �(�&�)

= ������! ! ����! ! ����!

= ����!

! �&�(�)= ! �(�&�)

=! �&�)= �(�)



1"##:%VAW%

•! G77%b/'6%-*2$*/(%Y!=%
•! M"0'/26*%GY!%0-%0-#,*6*-B%-#%

•! YE%,#/-("4,+#/%

•! 5#%

E"

A"B"

C" D"

G"
F"

9>9%

! �$�%�&= ! �$�)�(

! �$�%�&! ! �$�%�)= ! �$�)�( ! ! �$�)�%

! �(�%�)= ! �(�)�%

=" �%�(= �(�)

! �$�%�)= ! �$�)�%



1"##:%VaW%

•! G3%$*'-4"'@6*%@E%D"*$0-*%
•! G!%$*'-4"'@6*%-0/,*%o%GY%
•! 5#%70v*"*/,*%3!%o%G3%8%G!%0-%

$*'-4"'@6*%
•! 50/,*%0-#,*6*-%("0'/26*-%

•! 50/,*%Y3B%3!B%YK%'"*%
$*'-4"'@6*B%70v*"*/,*%K3%o%
Y3%8%YK%0-%$*'-4"'@6*=%

•! Y4(%/#N%N*%)'I*%-$'66*"%
-g4'"*%N0()%$*'-4"'@6*%-07*%
'/7%70'2#/'6%8%,#/("'70,+#/r%

%

E"

A"B"

C" D"

G"
F"

9>C%

�&�)= �(�) = �%�(



X)'(%()0-%$*'/-%

•! There	
  is	
  no	
  segment	
  that	
  can	
  measure	
  both	
  the	
  
side	
  and	
  the	
  diagonal	
  of	
  a	
  square.	
  
–!R:%E#4%("E%(#%b/7%#/*%4-0/2%()*%.3&%D"#,*74"*B%%

0(%N066%/#(%(*"$0/'(*=%

•! M)*%"'+#%#:%()*%70'2#/'6%'/7%-07*%#:%'%-g4'"*%
,'//#(%@*%*HD"*--*7%'-%'%"'+#%#:%0/(*2*"-%
–!1E()'2#"*'/-%70-,#I*"*7%0""'+#/'6%/4$@*"-r%

•! 1E()'2#"*'/%D"#2"'$%:'06*7%
–!.*#$*("E%,'//#(%@*%,#/-("4,(*7%:"#$%0/(*2*"-%

9>;%



3#/-*g4*/,*-%

•! J0-,#I*"E%N'-%-)#,O0/2%

•! 1E()'2#"*'/-%-N#"*%:#66#N*"-%(#%-*,"*,EB%
@4(%0(%6*'O*7%#4(%

•! KI*/(4'66EB%,'$*%4D%N0()%'%/*N%D6'/T%%
t-*%2*#$*("EB%/#(%/4$@*"-B%'-%()*%4/0:E0/2%
:#4/7'+#/%#:%$'()*$'+,-=%

9>Q%



G6(*"/'(*%1"##:%#:%R""'+#/'60(E%#:%%2%%

•! G--4$*%%2%0-%"'+#/'6=%%M)*/%0(%,'/%@*%
*HD"*--*7%'-%0""*74,0@6*%"'+#%#:%(N#%0/(*2*"-T%

9>A%

�P
�Q

=
!

��
! �P

�Q

" ��
= ��

�P�� = ���Q��



G6(*"/'(*%1"##:%#:%R""'+#/'60(E%#:%%2%
V,#/+/4*7W%%

•! m2%0-%*I*/B%-#%m%0-%*I*/B%-#%N*%,'/%N"0(*%'-%2%
+$*-%-#$*%#()*"%/4$@*"%uT%

%
%
%
%
•! n2%0-%*I*/B%-#%n%0-%*I*/=%%Y4(%0:%m%'/7%n%'"*%@#()%

*I*/B%()*/%m/n%0-%/#(%0""*74,0@6*=%
%
3#/("'70,+#/r%%G--4$D+#/%$4-(%@*%:'6-*s%0=*=%N*%
,'/^(%*HD"*--%%2%'-%()*%"'+#%#:%(N#%0/(*2*"-=%

9>a%

�P = ���X

(���X)�� = ���Q��

���X�� = ���Q��

���X�� = �Q��



M)0/2-%(#%3#/-07*"%

•! R(%$02)(%-**$%()'(%()*%'/,0*/(%."**O-%N*"*%
/'ƒI*%(#%("E%(#%"*D"*-*/(%,#/+/4#4-%-D',*%
N0()%70-,"*(*%/4$@*"-%
–!_*(%N*%7#%()0-%*I*"E%7'E%N)*/%N*%4-*%60$0(*7j

D"*,0-0#/%,#$D4(*"%'"0()$*+,%

•! M)*%(*/-0#/%@*(N**/%70-,"*(*%'/7%,#/+/4#4-%
)'-%@**/%'%-#4",*%#:%D"#2"*--%0/%$'()*$'+,-%

9>c%



S*,(4"*%A%

K4,607^-%."*'(*-(%3#$$#/%&*'-4"*%G62#"0()$%
V3#I*"-%$'(*"0'6%:"#$%5*,=%Q=9jQ=QW%



.#67*/%G2*%#:%G()*/-%

•! G{*"%4/60O*6E%7*:*'(%#:%0/I'70/2%1*"-0'/-%0/%
Qcf%Y3B%G()*/-%@*,'$*%,*/(*"%#:%,46(4"*B%
6*'"/0/2B%'/7%-,0*/,*%:#"%9A>%E*'"-=%

•! p#$*%#:%16'(#^-%G,'7*$EB%*--*/+'66E%()*%
N#"67^-%b"-(%4/0I*"-0(E=%

%

9>f%



16'(#%VQCfY3%j%;QcY3W%

•! !#66#N*"%#:%5#,"'(*-B%N)#%
('42)(%()'(%l()*%4/*H'$0/*7%
60:*%0-%/#(%N#"()%60I0/2=m%

•! !#4/7*7%G,'7*$E%0/%„;eA%Y3%

•! K4"#D*'/%D)06#-#D)E%l,#/-0-(-%
#:%'%-*"0*-%#:%:##(/#(*-%(#%
16'(#=m%%
% %8%G6:"*7%d#"()%X)0(*)*'7%

99>%



G,'7*$E%%
“Let	
  no	
  one	
  ignorant	
  of	
  geometry	
  enterm%

%
•! 9>%#4(%#:%9A%E*'"-%#:%-(47E%N*"*%:466E%7*70,'(*7%

(#%$'()*$'+,-%
•! G$#/2%()*0"%70-,#I*"0*-T%%!0I*%16'(#/0,%5#607-%

V,#/I*H%;J%-)'D*-%N)*"*%*',)%:',*%0-%07*/+,'6%"*246'"%D#6E2#/W%

999%



G6*H'/7"0'%

•! !#4/7*7%0/%;;9Y3%@E%V'/7%/'$*7%'{*"W%
G6*H'/7*"%()*%."*'(%

•! &#4-*0#/ %VlR/-+(4+#/%#:%()*%&4-*-mW%
–!G%"*-*'",)%0/-+(4(*%N0()%#I*"%9>>>%-,)#6'"-%%

•! S0@"'"E%#:%G6*H'/7"0'%VD'"(%#:%&#4-*0#/ W%
–!.#'6%#:%,#66*,+/2%'66%()*%N#"67^-%O/#N6*72*%
–!A>>B>>>%-,"#66-%

99C%



K4,607%V|#4"0-)*7%,'=%;>>Y3W%

•! &'E%)'I*%-(470*7%'(%()*%
G,'7*$E%

•! X#"O*7%'(%()*%&#4-*0#/ %
•! X"#(*%Elements	
  
•! ld#%"#E'6%"#'7%(#%

2*#$*("Em%

99;%



K4,607^-%Elements	
  

•! G%-*(%#:%$'()*$'+,'6%"*-46(-%'/7%D"##:-%N#I*/%
0/(#%'%,#)*"*/(%-(#"E%

•! 3#I*"-%@#()%2*#$*("E%'/7%/4$@*"%()*#"E%
–!Y##O%R%-('"(-%N0()%@'-0,%"46*"j'/7j,#$D'--%

,#/-("4,+#/-%'/7%@4067-%(#%1E()'2#"*'/%M)*#"*$=%

–!Y##O%xRRR%-)#N-%)#N%(#%,#/-("4,(%()*%bI*%16'(#/0,%
-#607-B%'/7%D"#I*-%()'(%()*"*%'"*%/#%#()*"-=%

•! d#%N'-(*7%#D*"'+#/-%

•! Y'-0-%#:%$'()*$'+,'6%*74,'+#/%:#"%,*/(4"0*-%

99Q%



ElementsB%Y##O%xB%1"#D#-0+#/%C%

%
R:B%N)*/%()*%6*--%#:%(N#%4/*g4'6%$'2/0(47*-%0-%
,#/+/4'66E%-4@("',(*7%0/%(4"/%:"#$%()*%2"*'(*"B%%
()'(%N)0,)%0-%6*{%/*I*"%$*'-4"*-%()*%#/*%@*:#"*%0(B%
()*/%()*%(N#%$'2/0(47*-%'"*%0/,#$$*/-4"'@6*=%%

99A%



K4,607%1"#I07*-%()*%.3&%G62#"0()$T	
  
Elements%xB;%

Given	
  two	
  commensurable	
  magnitudes,	
  to	
  find	
  
their	
  greatest	
  common	
  measure.	
  
•! S*(%()*%(N#%20I*/%,#$$*/-4"'@6*%$'2/0(47*-%

@*%GYB%3JB%#:%N)0,)%GY%0-%()*%6*--s%()4-%0(%0-%
"*g40"*7%(#%b/7%()*%2"*'(*-(%,#$$#/%
$*'-4"*%#:%GYB%3J=%

%

99a%



Elements%xB;%1"##:%VCW%

•! d#N%()*%$'2/0(47*%GY%*0()*"%$*'-4"*-%3J%#"%
0(%7#*-%/#(=%

•! R:%()*/%0(%$*'-4"*-%0(%8%'/7%0(%$*'-4"*-%0(-*6:%
'6-#%8%GY%0-%'%,#$$#/%$*'-4"*%#:%GYB%3J=%

•! G/7%0(%0-%$'/0:*-(%()'(%0(%0-%'6-#%()*%2"*'(*-(s%
:#"%'%2"*'(*"%$'2/0(47*%()'/%()*%$'2/0(47*%
GY%N066%/#(%$*'-4"*%GY=%

99c%



Elements%xB;%1"##:%V;W%

•! d*H(B%6*(%GY%/#(%$*'-4"*%3J=%
•! M)*/B%if	
  the	
  less	
  be	
  con$nually	
  subtracted	
  in	
  
turn	
  from	
  the	
  greater,	
  that	
  which	
  is	
  le;	
  over	
  
will	
  some$me	
  measure	
  the	
  one	
  before	
  it[%

99e%



Elements%xB;%1"##:%VQW%

•! 6*(%GYB%$*'-4"0/2%KJB%6*'I*%K3%6*--%()'/%0(-*6:%
•! 6*(%K3B%$*'-4"0/2%!YB%6*'I*%G!%6*--%()'/%0(-*6:%
•! '/7%6*(%G!%$*'-4"*%3K=%

99f%

A" F" B"

E" D"C"



A" F" B"

E" D"C"

•! 50/,*B%()*/B%G!%$*'-4"*-%3KB%N)06*%3K%
$*'-4"*-%!YB%()*"*:#"*%G!%N066%'6-#%$*'-4"*%
!Y=%

•! Y4(%0(%$*'-4"*-%0(-*6:%'6-#s%()*"*:#"*%G!%N066%
'6-#%$*'-4"*%()*%N)#6*%GY=%

Elements%xB;%1"##:%VAW%

9C>%



A" F" B"

E" D"C"

•! Y4(%GY%$*'-4"*-%JKs%()*"*:#"*%G!%N066%'6-#%
$*'-4"*%KJ=%

•! Y4(%0(%$*'-4"*-%3K%'6-#s%()*"*:#"*%0(%'6-#%
$*'-4"*-%()*%N)#6*%3J=%

•! Therefore	
  AF	
  is	
  a	
  common	
  measure	
  of	
  AB,	
  CD.	
  

Elements%xB;%1"##:%VaW%

9C9%



%%%

line_segment gcm0(line_segment a, 
                  line_segment b) { 
    while (a != b) { 
        if (b < a) a = a - b; 
        else b = b - a; 
    } 
    return a; 
} 
!
a%'/7%b	
  '"*%0/,#$$*/-4"'@6*%0v%gcm0%7#*-%/#(%(*"$0/'(*=%%

9CC%

K4,607^-%G62#"0()$%0/%3hh%



%%%

line_segment gcm1(line_segment a, 
                  line_segment b) { 
    while (a != b) { 
        while (b < a) a = a - b; 
        std::swap(a, b); 
    } 
    return a; 
} 
!
?@-*"I'+#/T%%R//*"%while%6##D%0-%,#$D4+/2%"*$'0/7*"%#:%
a%'/7%b=%

9C;%

.3&%N0()%L*'""'/2*7%?D*"'+#/-%



%%%

line_segment segment_remainder(line_segment a, 
                               line_segment b) 
{ 
    while (b < a) a = a - b; 
    return a; 
} 
!
p#N%7#%N*%O/#N%()*%6##D%N066%(*"$0/'(*Z%

9CQ%

!',(#"0/2%?4(%L*$'0/7*"%



GH0#$%#:%G",)0$*7*-%

!#"%'/E%g4'/++*-%a%'/7%bB%()*"*%0-%'%/'(4"'6%
/4$@*"%n%-4,)%()'(%a & nb=%

9CA%



%%%

line_segment gcm(line_segment a, 
                 line_segment b) { 
    while (a != b) { 
        a = segment_remainder(a, b); 
        std::swap(a, b); 
    } 
    return a; 
} 

9Ca%
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�,�I�U= �V�H�J�P�H�Q�W�B�U�H�P�D�L�Q�G�H�U(�D, ���E)� � � W� K� H� Q

�V�H�J�P�H�Q�W�B�U�H�P�D�L�Q�G�H�U(�D, �E) =

!
�U �L�I�U! �E
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•! 54DD#-*%N*%N'/(%(#%b/7%"*$'0/7*"VnB%9>W=%
•! S*$$'%(*66-%4-%(#%("E%"*$'0/7*"VnB%C>W=%
–!R:%()*%"*-46(%0-%…%9>B%N*^"*%7#/*=%
–!R:%0(^-%@*(N**/%99%'/7%C>B%N*%-4@("',(%9>%:"#$%()*%

"*-46(%'/7%2*(%()*%"*$'0/7*"%()'(%N'E=%

*=2=%N'/(%"*$'0/7*"VcAB%9>W%
•! ,#$D4(*%"*$'0/7*"VcAB%C>W%o%9A%
•! #"020/'6%"*-46(%0-%9A%8%9>%o%A%
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%%%

line_segment 
fast_segment_remainder(line_segment a, 
                       line_segment b) { 
    if (a <= b) return a; 
    if (a - b <= b) return a - b; 
    a = fast_segment_remainder(a, b + b); 
    if (a <= b) return a; 
    return a - b; 
} 

9Cf%

fast_segment_remainder 



M"',0/2%fast_segment_remainder 
�B= , �C= .

�B! �C? ( ! ?) .

�B" �C! �C? ( ! ?) .

�B= , �C=

�B! �C? ( ! ?) .

�B" �C! �C? ( ! ?) .

�B= , �C=

�B! �C? ( ! ?) .

�B" �C! �C? ( ! ?) , �B" �C=

�B#

�B! �C? ( ! ?) .

�B" �C=

�B#

�B! �C? ( ! ?) .

�B" �C= " = 9;>%

if (a <= b) return a; 
if (a - b <= b) return a - b; 
a = fast_segment_remainder(a, b + b); 
if (a <= b) return a; 
return a – b; 



%%%

line_segment fast_segment_gcm(line_segment a, 
                              line_segment b) { 
    while (a != b) { 
        a = fast_segment_remainder(a, b); 
        std::swap(a, b); 
    } 
    return a; 
} 

9;9%
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N"0+/2%0/%G"'@0,=%
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u*"#%'"#4/7%a() %,*/(4"E%GJ=%
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(#%K4"#D*'/-%

•! G6-#%/#Nj-('/7'"7%'62#"0()$-%:#"%'"0()$*+,%
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•! S*'"/*7%lp0/74%7020(-m%
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()*%G"'@-%
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)'/76*%u*"#j6*/2()%-*2$*/(-=%
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@*%>=%
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%%%

line_segment 
fast_segment_remainder1(line_segment a, 
                        line_segment b) { 
    // precondition: b != 0 
    if (a < b) return a; 
    if (a - b < b) return a - b; 
    a = fast_segment_remainder1(a, b + b); 
    if (a < b) return a; 
    return a - b; 
} 

9QQ%
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•! R/-(*'7B%6*(^-%D"*,#$D4(* %)#N%$'/E%+$*-%

N*^66%/**7%(#%7#4@6*=%
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%%%

line_segment largest_doubling(line_segment a, 
                              line_segment b) { 
    // precondition: b != 0 
    while (a - b >= b) b = b + b; 
    return b; 
} 

9Qa%

!0"-(%"*D*'(*7%7#4@60/2%#:%b%%
()'(%*H,**7-%a%8%b	
  



t/7#4@60/2%

•! KI*/%()#42)%N*%7#4@6*%b	
  :#"%*',)%"*,4"-0I*%
,'66B%N*%-+66%/**7%()*%l4/7#4@6*7m%b%0/%()*%
"*-(%#:%()*%:4/,+#/%,'66=%

•! !#"(4/'(*6EB%N*%O/#N%)#N%(#%l4/7#4@6*m%8%
0=*=%)'6I*%8%'%-*2$*/(%0/%#4"%"46*"j'/7j
,#$D'--%,#$D4(*"=%

9Qc%



%%%

line_segment remainder(line_segment a, 
                       line_segment b) { 
    // precondition: b != 0 
    if (a < b) return a; 
    line_segment c = largest_doubling(a, b); 
    a = a - c; 
    while (c != b) { 
        c = half(c); 
        if (c <= a) a = a - c; 
    } 
    return a; 
} 

9Qe%
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M"',0/2%R(*"'+I*%L*$'0/7*"%

�B= , �C=

�B< �C? ( < ?) .

�D! largest doubling ( , ) =

�B! �B" �D= " =

:

�D#= �C? ( #= )? , .

�D! half (�D) = half ( ) =

�D$ �B? ( $ )? . �B! �B" �D= " =

�D#= �C? ( #= )? , .

�D! half (�D) = half ( ) =

�D$ �B? ( $ )? . �B! �B" �D= " =

�D#= �C? ( #= )? , .

�B=
9Qf%

if (a < b) return a; 
line_segment c = 
    largest_doubling(a, b); 
a = a - c; 
while (c != b) { 
    c = half(c); 
    if (c <= a) a = a - c; 
} 
return a; 



%%%

integer quotient(line_segment a, 
                 line_segment b) { 
    // Precondition: b > 0 
    if (a < b) return integer(0); 
    line_segment c = largest_doubling(a, b); 
    integer n(1); 
    a = a - c; 
    while (c != b) { 
        c = half(c); n = n + n; 
        if (c <= a) { a = a - c; n = n + 1; }  
    } 
    return n; 
} 9A>%

X)'(%0:%N*%N'/(%g4#+*/(%%
0/-(*'7%#:%"*$'0/7*"Z%



M"',0/2%g4#+*/(VQAB%aW%
= ����, = ��

< ? (���� < ��?) �/�P.

! largest �@doubling (����, ��) = ����

! ��

! " = ���� " ���� = ����

�M�P�P�Q:

#= ? (���� #= ��)? �:�F�T, �L�F�F�Q �H�P�J�O�H.

! half ( ) = half (����) = ����; ! + = �� + �� = ��

$ ? (���� $ ����)? �:�F�T. ! " = ���� " ���� = ��;

! + �� = �� + �� = ��

#= ? (���� #= ��)? �:�F�T, �L�F�F�Q �H�P�J�O�H.

! half ( ) = half (����) = ��; ! + = �� + �� = ��

$ ? (�� $ ��)? �:�F�T. ! " = �� " �� = ��;

! + �� = �� + �� = ��

#= ? (�� #= ��)? �/�P, �E�P�O�F �X�J�U�I �M�P�P�Q.

�S�F�U�V�S�O= �� 9A9%

if (a < b) return integer(0); 
line_segment c =  
    largest_doubling(a, b); 
integer n(1); 
a = a - c; 
while (c != b) { 
    c = half(c); n = n + n; 
    if (c <= a) { 
        a = a - c; n = n + 1; 
    }  
} 
return n; 



L*6'+#/-)0D%#:%%
&46+D60,'+#/%'/7%J0I0-0#/%

•! M)0-%g4#+*/(%'62#"0()$%0-%()*%l'62#"0()$0,%
0/I*"-*m%#:%K2ED+'/%&46+D60,'+#/%

•! G%I*"-0#/%'DD*'"-%0/%()*%L)0/7%1'DE"4-%
•! ."**O-%,'66*7%0(%Egyp*an	
  Division	
  

50/,*%-#%$4,)%#I*"6'D%@*(N**/%g4#+*/(%'/7%
"*$'0/7*"B%N)E%@#()*"%N0()%(N#%:4/,+#/-Z%

9AC%



%%%

std::pair<integer, line_segment> 
quotient_remainder(line_segment a, 
                   line_segment b) { 
    // Precondition: b > 0 
    if (a < b) return {integer(0), a}; 
    line_segment c = largest_doubling(a, b); 
    integer n(1); 
    a = a - c; 
    while (c != b) { 
        c = half(c); n = n + n; 
        if (c <= a) { a = a - c; n = n + 1; } 
    } 
    return {n, a}; 
} 9A;%
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If	
  you’ve	
  already	
  done	
  the	
  work	
  to	
  get	
  some	
  

useful	
  result,	
  don’t	
  throw	
  it	
  away.	
  	
  	
  
Return	
  it	
  to	
  the	
  caller.	
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•! M)*%)'6:VW%#D*"'+#/%0-%,)*'D%#/%/#"$'6%31t-%
8%0(^-%`4-(%'%"02)(%-)0{=%

•! Y4(%N)'(%0:%)'6I0/2%N'-%70],46(B%*HD*/-0I*B%#"%
4/'I'06'@6*Z%
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%%%

line_segment remainder_fibo(line_segment a, 
                            line_segment b) { 
  // Precondition: b > 0 
  if (a < b) return a; 
  line_segment c = b; 
  do { 
    line_segment tmp = c; c = b + c; b = tmp; 
  } while (a >= c); 
  do { 
    if (a >= b) a = a - b; 
    line_segment tmp = c - b; c = b; b = tmp; 
  } while (b < c); 
  return a; 
} 9Aa%

!6#E7jq/4()T%d#%p'6I0/2%



%%%

line_segment gcm_remainder(line_segment a, 
                           line_segment b) { 
    while (b != line_segment(0)) { 
        a = remainder(a, b); 
        std::swap(a, b); 
    } 
    return a; 
} 

9Ac%
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%%%

integer gcd(integer a, integer b) { 
    while (b != integer(0)) { 
        a = a % b; 
        std::swap(a, b); 
    } 
    return a; 
} 

9Ae%
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•! R(%$4-(%(*"$0/'(*=%
•! R(%$4-(%,#$D4(*%N)'(%0(^-%-4DD#-*7%(#%

V0/%()0-%,'-*B%.3JW=%
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%
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r = a Ð bq!
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•! X*%,'/%"*N"0(*%()*%"*$'0/7*"%*g4'+#/%'-T%
a = bq + r!

%
•! 50/,*%2,7Vb, rW%@E%7*b/0+#/%70I07*-%b%V'/7%

()*"*:#"*%bqW%'/7%'6-#%rB%0(%$4-(%70I07*%a=%
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•! 5#%N*%)'I*%-)#N/%()'(%
a = bq + r   !    2,7Va, bW%=%2,7Vb, rW%

%
•! G(%*',)%0(*"'+#/B%()*%'62#"0()$%"*D6',*-%

2,7Va, bW%N0()%2,7Vb, rW%@E%('O0/2%()*%
"*$'0/7*"%'/7%-N'DD0/2%()*%'"24$*/(-=%
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t-0/2%7*b/0+#/%#:%
"*$'0/7*"B%"*N"0(*%'-T%

%
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�U�� = �U�H�P�D�L�Q�G�H�U(�D��, �E��)

�U�� = �U�H�P�D�L�Q�G�H�U(�E��, �U��)

�U�� = �U�H�P�D�L�Q�G�H�U(�U��, �U��)

á á á

�U�Q= �U�H�P�D�L�Q�G�H�U(�U�Q! ��, �U�Q! ��)

�U1 = �D0 ! �E0�T1
�U2 = �E0 ! �U1�T2
�U3 = �U1 ! �U2�T3

. . .

�U�Q= �U�Q�2 ! �U�Q�1�T�Q
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*',)%+$*B%0=*=%

•! Y4(%N*%O/#N%()'(%"*$'0/7*"Vrn-1, rnW%o%0B%
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9aA%

�J�F�G(�D��, �E��) = �J�F�G(�E��, �U��) = �J�F�G(�U��, �U��) = á á á= �J�F�G(�U�Q! ��, �U�Q)

gcd(a0, b0) = · · · = gcd(rn! 1, rn) = gcd(rn, 0) = rn
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•! &'()*$'+,0'/-%#:%()*%9A() j9e() %,*/(4"0*-%
"*I0I*7%()*%G/,0*/(%."**O%0/(*"*-(%0/%D"0$*-%
'/7%D*":*,(%/4$@*"-=%

•! 5D*,0'6%0/(*"*-(%0/%D"0$*-%#:%()*%:#"$%Cn	
  8%9B%
-0/,*%()*E%,#467%2*/*"'(*%D*":*,(%/4$@*"-=%

9af%



X)*/%0-%Cn	
  −	
  9%D"0$*Z%

•! ."**O-T%("4*%:#"%n	
  o%CB%;B%AB%cB%D#--0@6E%9;%

•! p47'6"0,4-%L*204-%V9A;aWT%:'6-*%:#"%n	
  o%99%

C99%‰%9%o%C>Qc%o%C;%n%ef%

•! 10*("#%3'('670%V9a>;WT%("4*%:#"%n	
  o%9cB%9fB	
  C;B%CfB%;9B%;c%

•! Y4(%)'6:%#:%()#-*%V0/%"*7W%N*"*%N"#/2s%%
10*""*%7*%!*"$'(%-)#N*7%()'(T%

CC;%8%9%o%e;eea>c%o%Qc%n%9ceQe9%

C;c %8%9%o%9;cQ;efA;Qc9%o%CC;%n%a9a;9ecc%

9c>%



&*"-*//*^- %3#/`*,(4"*%

R/%9aQQB%&*"-*//* %N"#(*%()'(%
:#"%n	
  …%CAcB%Cn	
  8%9%0-%D"0$*%0:%'/7%#/6E%0:%%
%

n%o%CB%;B%AB%cB%9;B%9cB%9fB%;9B%acB%9CcB%CAc%
	
  
MN#%#:%()*-*%V-)#N/%0/%"*7W%'"*%N"#/2B%'/7%)*%
$0--*7%ef%'/7%9>cB%@4(%N*%-+66%,'66%D"0$*-%#:%
()0-%:#"$%Mersenne	
  Primes=%

%
9c9%



&'"0/%&*"-*//*%V9Aee%8%9aQeW%

•! p0-%6*P*"-%-)'"*7%-,0*/+b,%
"*-46(-%',"#--%,#4/("0*-%

•! 3#""*-D#/7*7%N0()%:"0*/7-%
–!60O*%.'606*#B%J*-,'"(*-B%

M#""0,*660B%p4E2*/-B%1'-,'6%

•! p*6D*7%.'606*#%2*(%)0-%N#"O%
D4@60-)*7%

9cC%



p#N%707%!*"$'(%:',(#"%C;c%8%9Z%

R/%i4/*%9aQ>%!*"$'(%N"#(*%(#%&*"-*//* %()'(%)0-%
:',(#"0u'+#/%#:%C;c%‰%9%7*D*/7-%#/%()*%:#66#N0/2%
()"**%#@-*"I'+#/-T%

9=! R:%n%0-%/#(%'%D"0$*B%C/%‰%9%0-%/#(%'%D"0$*=%

C=! R:%n%0-%'%D"0$*B%C/%‰%C%0-%'%$46+D6*%#:%Cn=%

;=! R:%n%0-%'%D"0$*B%'/7%p%0-%'%D"0$*%70I0-#"%#:%
Cn%‰%9B%()*/%p%‰%9%0-%'%$46+D6*%#:%n=%

9c;%



!*"$'(^-%S#20,%

•! R:%C;c%8%9%0-/^(%D"0$*%0(%$4-(%)'I*%'/%#77%D"0$*%:',(#"%p.%%
•! YE%!*"$'(^-%#@-*"I'+#/%;B%p%‰%9%0-%'%$46+D6*%#:%;cB%0=*=%

p	
  o%;cu%h%9%
•! 50/,*%p%0-%#77B%p%8%9%o%;cu%$4-(%@*%*I*/B%-#%u%$4-(%@*%

*I*/=%%5#%N*%,'/%N"0(*%u%'-%CvB%0=*=%
p%o%cQv%h%9%

•! 5#%()*%D"#@6*$%0-%"*74,*7%(#%("E0/2%I'64*-%#:%vT%
v	
  =	
  9Z%%d#B%cA%0-%/#(%'%D"0$*%

v%o%CZ%%d#B%9Qf%0-%D"0$*B%@4(%0-%/#(%'%70I0-#"%#:%C;c %8%9=%

v%o%;Z%%_*-B%CC;%0-%D"0$*%'/7%0-%'%70I0-#"%#:%C;c %8%9=%

9cQ%



1"#I0/2%!*"$'(^-%?@-*"I'+#/%9T%
R:%n%0-%/#(%'%D"0$*B%C/%‰%9%0-%/#(%'%D"0$*%

•! R/-(*'7%#:%D"#I0/2%lR:%x%()*/%_Bm%%
N*^66%D"#I*%lR:%/#(%_B%()*/%/#(%xm%%
8%()*%contraposi*veB%N)0,)%0-%*g40I'6*/(=%

•! R/%()0-%,'-*T%
R:%C/%‰%9%0-%D"0$*B%()*/%n%0-%D"0$*%%

9cA%



R:%C/%‰%9%0-%D"0$*B%()*/%n%0-%D"0$*%%

1"##:T%%54DD#-*%n%0-%/#(%D"0$*=%%M)*/%()*"*%$4-(%@*%
:',(#"-%u%'/7%v%-4,)%()'(%

n = uv,  u > 1, v > 1
5#%N*%,'/%"*N"0(*B%'/7%4-*%70v*"*/,*%#:%D#N*"-T%
%
%
%
Y4(%()*/%N*^I*%:',(#"*7%Cn%8%9%0/(#%(N#%/4$@*"-%%
*',)%Š%9B%-#%Cn	
  8%9%0-%/#(%D"0$*=%%3#/("'70,+#/r%

9ca%

��n ! �� = ��uv ! ��

= ( ��u)v ! ��

= ( ��u ! ��)(( ��u)v! �� + ( ��u)v! �� + á á á+ ( ��u) + ��)



X)'(%'@#4(%!*"$'(^-%#()*"%C%
#@-*"I'+#/-Z%

•! p*%-'07%0/%'%6*P*"%()'(%)*%N#467%)'I*%-)'"*7%
()*%D"##:B%@4(%0(%N#467%$'O*%()*%6*P*"%(##%
6#/2=%

•! MED0,'6%!*"$'(=%

9cc%



10*""*%7*%!*"$'(%V9a>9%8%9aaAW%

•! G%("4*%L*/'0--'/,*%$'/%
•! M)*%6'-(%2"*'(%'$'(*4"%

$'()*$'+,0'/%

•! R/I*/(*7%G/'6E+,%
.*#$*("E%

•! 3#j0/I*/(*7%1"#@'@060(E%
VN0()%1'-,'6W%

•! L'"*6E%-)'"*7%)0-%D"##:-%

9ce%



!*"$'(^-%t/D"#I*7%3#/`*,(4"*%

•! 1"##:-%)'I*%@**/%:#4/7%:#"%'66%#:%!*"$'(^-%
,#/`*,(4"*-B%*H,*D(%#/*T%

Cn%h%9%0-%D"0$*%%" %%n%o%Ci	
  

•! d4$@*"-%#:%()0-%:#"$%'"*%,'66*7%Fermat	
  Primes=%
•! X*%,'/%D"#I*%()*%b"-(%)'6:T%

Cn%h%9%0-%D"0$*%%! %%n%o%Ci	
  

%

9cf%



Cn%h%9%0-%D"0$*%%! %%n%o%Ci%

•! 54DD#-*%n ' 2 i.	
  	
  M)*/%0(%$4-(%)'I*%'/%#77%:',(#"B%
N)0,)%N*%,'/%N"0(*%'-%2q + 1B%N)*"*%q > 0=%

•! 50/,*%2q + 1%> 1B%N*%,'/%N"0(*%n%'-%
n = m(2q + 1)

•! 54@-+(4+/2%'/7%4-0/2%-4$%#:%#77%D#N*"-T%

•! X*%:',(#"*7%Cn%h%9T%%%,#/("'70,+#/r%%
9e>%

���Q+ �� = ���P( ���T+ ��) + ��

= ���P( ���T+ ��) + ���P( ���T+ ��)

= ( ���P)���T+ �� + �����T+ ��

= ( ���P + ��)(( ���P)���T! (���P)���T! �� + · · · + ��)



?()*"%1"0$*-%#:%!#"$%%

•! !*"$'(%,#/`*,(4"*7%()'(%'66%#:%()*-*%'"*%D"0$*%

•! !*"$'(%-'07%()'(%;B%AB%9cB%CAcB%aAA;cB%%
QCfQfacCfc%%'/7%9eQQacQQ>c;c>fAA9a9c%'"*%
D"0$*-=%%VL*7%#/*-%'"*%N"#/2=W%

•! R/%9c;C%S*#/)'"7%K46*"%-)#N*7%()'(%%

C;C%h9%%%o%QCfQfacCfc%o%aQ9%n%ac>>Q9c%

•! !#"%A%…%i%…%;C%()*E%'"* %,#$D#-0(*=%

•! G"*%()*"* %'/E %$#"* %!*"$'( %D"0$*-Z%%t/O/#N/=%

9e9%

����
i
+ ��



!*"$'(^-%S0P6*%M)*#"*$%

R:%p%0-%D"0$*B%ap89%8%9%0-%70I0-0@6*%@E%p%%
:#"%'/E%>%ˆ%a%ˆ%p	
  

	
  
•! !*"$'(%,6'0$*7%(#%)'I*%D"#I*7%0/%9aQ>%
•! S*0@/0u%,6'0$*7%(#%)'I*%D"#I*7%0/%9ac>-%

•! !0/'66EB%K46*"%D4@60-)*7%D"##:%0/%9cQC%

9eC%



S*#/)'"7%K46*"%V9c>c%8%9ce;W%

•! G%$'()%-4D*"-('"B%
"*,"40(*7%@E%O0/2-%

•! J*I*6#D*7%$#7*"/%
'/'6E-0-%V,'6,464-%'/7%
70v*"*/+'6%*g4'+#/-W%

•! X"#(*%b"-(%@##O%#/%
D#D46'"%-,0*/,*%

•! R(%(##O%a>%E*'"-%(#%D4@60-)%
'66%)0-%N#"O%'{*"%)0-%7*'()%

9e;%



1"#I0/2%!*"$'(^-%S0P6*%M)*#"*$T%%
S'E0/2%()*%!#4/7'+#/%

9=! K4,607%D"#D#-0+#/%<RRB%;>%
C=! 1*"$4('+#/%#:%L*$'0/7*"-%S*$$'%
;=! 3'/,*66'+#/%S'N%
Q=! 5*6:j,'/,*60/2%S'N%
A=! X06-#/^-%M)*#"*$%

M)*/%N*^66%D4(%'66%()*%D0*,*-%(#2*()*"=%

9eQ%



K4,607%<RRB%;>T%The	
  product	
  of	
  two	
  integers	
  
smaller	
  than	
  a	
  prime	
  p	
  is	
  not	
  divisible	
  by	
  p.%
G/#()*"%N'E%(#%-'E%()0-%0-%0:%p%0-%D"0$*%'/7%a%'/7%b%'"*%
-$'66*"%()'/%pB%()*/%ab%0-%/#(%70I0-0@6*%@E%p=%

%
R:%'%/4$@*"%x%0-%/#(%70I0-0@6*%@E%'%/4$@*"%yB%N*%,'/%
N"0(*%x%'-%'%$46+D6*%#:%y%D64-%'%"*$'0/7*"T%%x = my + r=%%
5#%N*%,'/%-0$06'"6E%"*-('(*%()*%D"#D#-0+#/%'-T%

%

9eA%

p is prime � 0 < a, b < p =� ab = mp + r � 0 < r < p



K4,607%<RRB%;>%L*-('(*7T%
%

1"##:T%%G--4$*%,#/("'"EB%()'(%ab%0-%'%$46+D6*%#:%p=%

!#"%'%20I*/%a,%6*(%b%@*%-$'66*-(%0/(*2*"%-4,)%()'(%ab = mp=%
50/,*%p%0-%D"0$*B%70I070/2%p%@E%b%6*'I*-%'%"*$'0/7*"%v < bT%

%

&46+D6E%@#()%-07*-%@E%a%'/7%-4@-+(4(*%ab = mpT%

%

%

%

%

M)*/%v 0-%'/%0/(*2*"%-$'66*"%()'/%b%-4,)%()'(%av%0-%'%$46+D6*%#:%pT%%
,#/("'70,+#/=%

%
9ea%

p is prime � 0 < a, b < p =� ab = mp + r � 0 < r < p

p = bu + v ! �� < v < b

�D�S= �D�E�X+ �D�Y

�D�S� �D�E�X= �D�Y

�D�S� �P�S�X= �D�Y

�D�Y= (�D� �P�X)�S � �� < �Y< �E



1*"$4('+#/%#:%L*$'0/7*"-%S*$$'%

R:%p%0-%D"0$*B%()*/%:#"%'/E%0 < a < pB%
%
%
N)*"*%
%%

9ec%

�D· {��, . . . , �S! ��} =

{�D, . . . , �D(�S! ��)} = {�T���S+ �U��, . . . , �T�S! ���S+ �U�S! ��}

�� < �U�L< �S ! �L"= �M=# �U�L"= �U�M



1*"$4('+#/%#:%L*$'0/7*"-%KH'$D6*%

R:%D%o%c%'/7%'%o%QB%()*/%()*%6*$$'%-'E-%()'(%

%

%
-#%()*%"*$'0/7*"-%'"*%

{4, 1, 5, 2, 6, 3}
N)0,)%0-%'%D*"$4('+#/%#:%

{1, É, 7 Ð 1}

%

9ee%

{ 4, 8, 12, 16, 20, 24} =

{ 0 á7 + 4, 1 á7 + 1, 1 á7 + 5, 2 á7 + 2, 2 á7 + 6, 3 á7 + 3}



1*"$4('+#/%#:%L*$'0/7*"-%1"##:%

•! 54DD#-*%ri = rj '/7%i < j

•! M)*/%N*%,#467%('O*%70v*"*/,*%#:%(N#%,#""*-D#/70/2%
*6*$*/(-B%'/7%()*%"*$'0/7*"-%ri%'/7%rj%N#467%,'/,*6T%

•! 50/,*%i() %'/7%j() %*6*$*/(-%'"*%ai%'/7%ajB%N*%,'/%N"0(*%()*%
70v*"*/,*%'-%ai Ð aj=%%M)'(%0-T%

•! Y4(%()0-%)'-%:#"$%ab = mpB%N)0,)%0$D60*-%D"#74,(%#:%(N#%
0/(*2*"-%-$'66*"%()'/%p%0-%70I0-0@6*%@E%p=%

•! 3#/("'70,(-%K4,607%<RRB%;>B%N)0,)%N*%`4-(%D"#I*7=%

9ef%

(�T�M�S+ �U�M) � (�T�L�S+ �U�L) = �T�M�S� �T�L�S= ( �T�M� �T�L)�S

�D�M� �D�L= ( �T�M� �T�L)�S

�D(�M� �L) = ( �T�M� �T�L)�S



3'/,*66'+#/%

•! R:%N*%)'I*%(N#%/4$@*"-%x%'/7%yB%'/7%xy%o%9B%
N*%-'E%()'(%()*E%cancel=%

•! R:%x%'/7%y%,'/,*6B%*',)%0-%()*%mul*plica*ve	
  
inverse%#:%()*%#()*"=%

•! X*^"*%4-*7%(#%"'+#/'6%/4$@*"-%,'/,*60/2B%%
@4(%(#7'E%N*^66%6##O%'(%0/(*2*"%,'/,*66'+#/=%

9f>%



&#746'"%G"0()$*+,%

G/'6#2ET%9Cj)#4"%,6#,O%
•! R:%0(^-%9>%#^,6#,OB%'/7%-#$*()0/2%N066%('O*%A%

)#4"-B%()*/%0(%N066%@*%7#/*%'(%;%#^,6#,O=%
•! R/%'%-*/-*B%10 + 5 = 3=%
•! &#"*%D"*,0-*6EB%(10 + 5) mod 12 = 3=%

9f9%



&#746'"%G"0()$*+,%N0()%?()*"%Y'-*-%

%
(6 + 4) mod 7 = 3

(3 ( 3) mod 7 =
(3 + 3 + 3) mod 7 = 2
%

%
%
%

%
%
3 ( 3 = 9 = (1 ( 7) + 2

9fC%

3"

2"

1
0"

5"

6"

4" 3"

2"

1
0"

5"

6"

4"



&#746'"%G"0()$*+,%'/7%3'/,*66'+#/%

•! 3#/-07*"%()*%*g4'+#/%
(2 ( 4) mod 7 = 1

•! 50/,*%()*%D"#74,(%#:%C%'/7%Q%0-%9B%()*E%,'/,*6%
'/7%'"*%*',)%#()*"^-%0/I*"-*=%

9f;%



&#746'"%G"0()$*+,%'/7%d*2'+#/%

•! G%/*2'+I*%/4$@*"%x mod n 0-%*g4'6%(#%()*%
D#-0+I*%/4$@*"%n Ð x.	
  

•! R(^-%60O*%(4"/0/2%()*%#7#$*(*"%@',O%x%D#-0+#/-=%

9fQ%



! � � � � � � � � � � � �

�� �� �� �� �� �� ��

�� �� �� �� �� �� ��

�� �� �� �� �� �� ��

�� �� �� �� �� �� ��

�� �� �� �� �� �� ��

�� �� �� �� �� �� ��

&#746'"%&46+D60,'+#/%M'@6*%

9fA%

KH'$D6*T%%%5 ( 4 = 20 = 2 ( 7 + 6 = 6 mod 7=%%



&#746'"%&46+D60,'+#/%N0()%R/I*"-*-%

9fa%

KH'$D6*T%%%C%'/7%Q%'"*%0/I*"-*-B%@*,'4-*%2 ( 4 = 1=%%

! � � � � � � � � � � � �

�� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� ��



!#"$'6%J*b/0+#/%#:%R/(*2*"%R/I*"-*-%

!#"%0/(*2*"%n > 1 '/7%0/(*2*"%u > 0B%v%0-%'%
mul*plica*ve	
  inverse	
  modulo	
  n	
  0:%()*"*%0-%'/%
0/(*2*"%q%-4,)%()'(%uv = 1 + qn=%

%
R/%#()*"%N#"7-B%u%'/7%v%'"*%0/I*"-*-%0:%()*0"%
D"#74,(%70I07*7%@E%n%E0*67-%'%"*$'0/7*"%#:%9=%

9fc%



3'/,*66'+#/%S'N%

R:%p%0-%D"0$*B%()*/%:#"%'/E%0 < a < p!
()*"*%0-%'%/4$@*"%0 < b < p -4,)%()'(%%

ab = mp + 1
1"##:T%

YE%()*%1*"$4('+#/%#:%L*$'0/7*"-%S*$$'B%N*%O/#N%
()'(%#/*%#:%()*%D#--0@6*%D"#74,(-%0/%()*%-*(%%

%
N066%)'I*%"*$'0/7*"%9=%%%
5#%()*"*%$4-(%@*%'/#()*"%*6*$*/(%b%()'(%,'/,*6-%a=%

9fe%

a á {��, . . . , p ! ��}



d*H(%S*,(4"*[%

•! 1"#I0/2%!*"$'(^-%S0P6*%M)*#"*$%

9ff%



S*,(4"*%e%

1"#I0/2%!*"$'(^-%S0P6*%M)*#"*$%
V3#I*"-%$'(*"0'6%:"#$%5*,=%A=;jA=cW%



1"#I0/2%!*"$'(^-%S0P6*%M)*#"*$%

R:%p%0-%D"0$*B%apÐ1 Ð 1 0-%70I0-0@6*%@E%p%%
:#"%'/E%0 < a < p

%
!#4/7'+#/-T%
9=! K4,607%D"#D#-0+#/%<RRB%;>%V7#/*W%
C=! 1*"$4('+#/%#:%L*$'0/7*"-%S*$$'%V7#/*W%
;=! 3'/,*66'+#/%S'N%
Q=! 5*6:j,'/,*60/2%S'N%
A=! X06-#/^-%M)*#"*$%

	
  
C>9%



3'/,*66'+#/%L*:"*-)*"%

•! R:%N*%)'I*%(N#%/4$@*"-%x%'/7%yB%'/7%xy%o%9B%
N*%-'E%()'(%()*E%cancel=%

•! R:%x%'/7%y%,'/,*6B%*',)%0-%()*%mul*plica*ve	
  
inverse%#:%()*%#()*"=%

•! R/%$#746'"%'"0()$*+,B%x%'/7%y%'"*%0/I*"-*-%
$#746#	
  n	
  0:%()*"*%0-%'/%0/(*2*"%q%-4,)%()'(%

xy = 1 + qn%

C>C%



5*6:j3'/,*60/2%K6*$*/(-%

•! 1%'/7%p Ð 1 '"*%self-­‐canceling	
  *6*$*/(-%
•! R:%E#4%$46+D6E%*',)%@E%0(-*6:B%()*%"*-46(%0-%

1%$#7%pB%#"%*g40I'6*/(6EB%,'/%@*%*HD"*--*7%'-%
mp + 1=%

C>;%



5*6:j3'/,*60/2%S'N%

!#"%'/E%0 < a < pB%%
a2 = mp + 1    !     a = 1   )   a = p Ð 1

1"##:T%%%

•! 54DD#-*%()*"*%N*"*%-#$*%#()*"%-*6:j,'/,*60/2%a%
()'(^-%/*0()*"%1%/#"%p Ð 1=%%R(%$4-(%@*%1 < a < p Ð 1=%

•! L*'""'/2*7%D"##:%,#/70+#/%20I*-%4-%a2 Ð 1 = mp=%

•! !',(#"0/2%20I*-%(a Ð 1)(a + 1) = mp=%

•! Y4(%/#N%N*%)'I*%(N#%0/(*2*"-%< p%N)#-*%D"#74,(%0-%
70I0-0@6*%@E%p=%%3#/("'70,(-%K4,607%<RRB%;>=%

C>Q%



X06-#/^-%M)*#"*$%

R:%p%0-%D"0$*B%()*"*%0-%'/%0/(*2*"%m%-4,)%()'(%
(p Ð 1)! = mp + (p Ð 1)

#"B%*g40I'6*/(6ET%
(p Ð 1)! = (p Ð 1) mod p

%

C>A%



1"##:%#:%X06-#/^-%M)*#"*$T%
%

•! YE%7*b/0+#/T%%

•! YE%3'/,*66'+#/%'/7%5*6:j,'/,*60/2%6'N-B%*',)%/4$@*"%0/%
'@#I*%D"#74,(%*H,*D(%1%'/7%p Ð 1 0-%,'/,*66*7%@E%0(-%#N/%
0/I*"-*B%0=*=%)'-%"*$'0/7*"%9=%

•! 5#%N*%,#467%,#66'D-*%'66%,'/,*66*7%(*"$-%'-%np + 1T%

•! M)*/%m = np Ð n -'+-b*-%()*%()*#"*$=%

%
C>a%

�Sprime =� ��P : (�S� 1)! = �P�S+ (�S� 1)

(�S! ��)! = �� á�� á�� . . . (�S! ��)

(�S� 1)! = 1 · (�Q�S+ 1) · (�S� 1)
= �Q�S· �S� �Q�S+ �S� 1
= ( �Q�S� �Q)�S+ ( �S� 1)



1"##:%#:%!*"$'(^-%S0P6*%M)*#"*$%V9W%
R:%p%D"0$*B%apÐ1 Ð 1 0-%70I0-0@6*%@E%p%:#"%'/E%0 < a < p

•! 3#/-07*"%()*%D"#74,(T%

•! X"0(*%X06-#/^-%M)*#"*$%'-T%

•! 54@-+(4(*T%

%
C>c%

�S! 1�

�L=1
�D�L= �D�S! 1

�S! 1�

�L=1
�L

p! ���

i=��

i = (p � ��) + mp

�S! 1!

�L=1
�D�L= �D�S! 1(( �S! 1) + �P�S)

= �D�S! 1�S! �D�S! 1 + �D�S! 1�P�S

= ( �D�S! 1 + �D�S! 1�P)�S! �D�S! 1



1"##:%#:%!*"$'(^-%S0P6*%M)*#"*$%VCW%
R:%p%D"0$*B%apÐ1 Ð 1 0-%70I0-0@6*%@E%p%:#"%'/E%0 < a < p

•! M)*%(*"$-%#:%()*%b"-(%D"#74,(%'"*%{a, 2a, É, ( p-1)a} 
N)0,)%@E%1*"$4('+#/%#:%L*$'0/7*"-%0-%%
{q1p + r1, É, qp-1p + rp-1}%

•! 5#%N*%,'/%N"0(*T%

•! KHD'/7%'/7%2"#4D%p%(*"$-T%

•! GDD6E%X06-#/^-B%2"#4D%'2'0/T%

%N)*"*%w = u + v + 1=%
C>e%

�S! ��!

�L=��

�D�L=
�S! ��!

�L=��

(�T�L�S+ �U�L)

p���!

i= ��

ai = up +
p���!

i= ��

ri

p�1�

i=1
ai = up + vp + ( p � 1)

= wp � 1



1"##:%#:%!*"$'(^-%S0P6*%M)*#"*$%V;W%
R:%p D"0$*, apÐ1 Ð 1 0-%70I0-0@6*%@E%p%:#"%'/E%0 < a < p

•! X*%O/#N%()*%(N#%@#H*7%*HD"*--0#/-%'"*%*g4'6B%-#%
N*%D4(%()*$%(#2*()*"%'/7%"*'""'/2*T%

•! 3#66'D-*%$46+D6*-%#:%D%#/%"02)(T%
apÐ1 Ð 1 = np

•! 5#%apÐ1 Ð 1%0-%70I0-0@6*%@E%p=%%wKJ=%

%

C>f%

�Z�S! �� = ( �D�S! �� + �D�S! ���P)�S! �D�S! ��

�D�S! �� + �Z�S! �� = ( �D�S! �� + �D�S! ���P)�S

�D�S! �� ! �� = ( �D�S! �� + �D�S! ���P)�S! �Z�S



G/#()*"%?@-*"I'+#/%

apÐ2%0-%'/%0/I*"-*%#:%aB%-0/,*%
apÐ2 C- a = apÐ1

N)0,)%@E%!*"$'(^-%S0P6*%M)*#"*$%0-%mp + 1=%

C9>%



3#/I*"-*%#:%!*"$'(^-%S0P6*%M)*#"*$%

R:%:#"%'66%aB%0 < a < n
anÐ1 = 1 + qan

()*/%n%0-%D"0$*=%

C99%



3#D"0$*-%

MN#%/4$@*"-%m%'/7%n%'"*%coprime%0:%
2,7VmB%nW%o%9%

%
Kg40I'6*/(6EB%m%'/7%n%'"*%,#D"0$*%0:%()*E%)'I*%
/#%,#$$#/%:',(#"%2"*'(*"%()'/%9=%

C9C%



d#/j R/I*"+@060(E%S*$$'%
%

1"##:T%%S*(%n = uv '/7%w%@*%'/%0/I*"-*%#:%u=%%M)*/%
%
%

%
%
R:%N*%7*b/*%z = (w Ð mv)B%()*/%%

(w Ð mv)n = zn = v%
50/,*%n > vB%()*/%zn > vB%N)0,)%0-%'%,#/("'70,+#/%N0()%%
zn = v=%%5#%u%,'//#(%)'I*%'/%0/I*"-*=%

C9;%

If �Q= �X�Y! �X, �Y> 1, then �Xis not invertible modulo �Q.

�Z�Q= �Z�X�Y

= ( �P�Q+ ��)�Y

= �P�Y�Q+ �Y

�Z�Q! �P�Y�Q= �Y



3#/I*"-*%#:%!*"$'(^-%S0P6*%M)*#"*$%

R:%:#"%'66%aB%0 < a < n, anÐ1 = 1 + qan, ()*/%n%0-%D"0$*=%
%
1"##:T%%54DD#-*%n%0-%/#(%D"0$*B%0=*=%n = uv=%
M)*/%@E%d#/jR/I*"+@060(E%6*$$'B%u%0-%/#(%0/I*"+@6*=%
Y4(%@E%,#/70+#/%#:%()*%()*#"*$B%

unÐ1 = unÐ2u = 1 + qan
R/%#()*"%N#"7-B%u%)'-%'/%0/I*"-*%unÐ2B%N)0,)%0-%'%
,#/("'70,+#/=%%%
5#%n%$4-(%@*%D"0$*=%

C9Q%



.*/*"'60u0/2%!*"$'(^-%S0P6*%M)*#"*$%

•! !*"$'(^-%S0P6*%M)*#"*$%0-%'%"*-46(%'@#4(%
D"0$*-=%

•! K46*"%N#/7*"*7%0:%()*"*%0-%'%-0$06'"%"*-46(%:#"%
,#$D#-0(*%/4$@*"-=%

C9A%



L*$0/7*"T%
&#746'"%&46+D60,'+#/%:#"%1"0$*%

C9a%

! � � � � � � � � � � � �

�� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� ��



&#746'"%&46+D60,'+#/%:#"%3#$D#-0(*%

C9c%

KH'$D6*T%%c%n%f%o%a;%o%;%$#7%9>%

! � � � � � � � � � � � � � � � � � �

�� �� �� �� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� �� �� �� ��



&#746'"%&46+D60,'+#/T%
1"0$*%I-=%3#$D#-0(*%

Prime	
  
•! G66%"#N-%'"*%D*"$4('+#/-=%
•! KI*"E%*6*$*/(%)'-%0/I*"-*=%

•! G66%*6*$*/(-%'"*%Š%>=%

Composite	
  
•! L#N-%'"*%/#(%D*"$4('+#/-=%
•! ?/6E%-#$*%*6*$*/(-%)'I*%

0/I*"-*=%

•! 5#$*%*6*$*/(-%'"*%>=%
%
p4)Z%
p#N%,'/%()*%D"#74,(%#:%(N#%
/#/u*"#%()0/2-%@*%>Z%

C9e%



G%54@-*(%#:%3#$D#-0(*%
&#746'"%&46+D60,'+#/%M'@6*%

� � � � � � � � � � � � � � � � � � �

�� �� �� �� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� �� �� �� ��

C9f%



p#N%&'/E%3#D"0$*-Z%

M)*%to*ent%#:%'%D#-0+I*%0/(*2*"%n%0-%()*%/4$@*"%
#:%D#-0+I*%0/(*2*"-%6*--%()'/%n%()'(%'"*%,#D"0$*%
N0()%nT%

%
%

%
!#"%#4"%$#746#%9>%('@6*T%#(10) = 4%
V()*%/4$@*"%#:%-)'7*7%"#N-W%
%

%
%

CC>%

�‰(�Q) = |{ �� < �L< �Q� �F�R�S�U�L�P�H(�L, �Q)}|



p#N%&'/E%3#D"0$*-%:#"%'%1"0$*Z%

#(p) = p Ð 1%
%
R/%#()*"%N#"7-B%'66%/4$@*"-%6*--%()'/%'%20I*/%
D"0$*%'"*%,#D"0$*%N0()%0(=%
%

CC9%



K46*"^-%R/-02)(%

M)*%lpÐ1m%0/%!*"$'(^-%S0P6*%M)*#"*$%0-%`4-(%'%
-D*,0'6%,'-*%#:%#(p)%:#"%D"0$*-=%
%

CCC%



K46*"^-%M)*#"*$%

%
%
1"##:%-("'(*2ET%%&#70:E%D"##:%#:%!*"$'(^-%S0P6*%M)*#"*$=%

•! L*D6',*%1*"$4('+#/%#:%L*$'0/7*"-%S*$$'%N0()%
1*"$4('+#/%#:%3#D"0$*%L*$'0/7*"-%S*$$'%

•! 1"#I*%()'(%*I*"E%,#D"0$*%"*$'0/7*"%)'-%'%$46+D60,'+I*%
0/I*"-*=%

•! t-*%()*%D"#74,(%#:%'66%,#D"0$*%"*$'0/7*"-%N)*"*%()*%
D"##:%#:%S0P6*%!*"$'(%)'-%()*%D"#74,(%#:%'66%/#/u*"#%
"*$'0/7*"-=%

CC;%

�F�R�S�U�L�P�H��a��n�� !" aφ(n) # �� is divisible by n��



3#$D4+/2%#(n) :#"%'/E%0/(*2*"%

•! X*%,'/%*HD"*--%'/E%0/(*2*"%'-%()*%D"#74,(%#:%
D#N*"-%#:%D"0$*-B%-#%b"-(%N*^66%-**%)#N%(#%
,#$D4(*%()*%(#+*/( %#:%'%D#N*"%#:%'%D"0$*%p=%

•! p#N%$'/E%,#D"0$*-%#:%pmZ%%G(%$#-(%pmÐ1=%
•! Y4(%/**7%(#%-4@("',(%$46+D6*-%#:%pB%@*,'4-*%

N*%O/#N%()#-*%'"*/^(%,#D"0$*=%

CCQ%



M#+*/(%#:%1"0$*%1#N*"%

CCA%

φ(pm) = ( pm ! 1) ! |{ p, 2p, . . . , pm ! p}|
= ( pm ! 1) ! |{ 1, 2, . . . , pm�1 ! 1}|
= ( pm ! 1) ! (pm�1 ! 1)
= pm ! pm�1

= pm
!
1 !

1
p

"



M#+*/(%#:%1"#74,(%#:%1"0$*%1#N*"-T%%#(puqv)%

S*(%n%o%puqv.%

CCa%

φ(n) = (n � 1) �
�
n
p � 1

�
�

�
n
q � 1

�
+

�
n
pq � 1

�

= n � n
p � n

q +
n
pq

= n
�
1� 1

p � 1
q +

1
pq

�

= n
��
1� 1

p

�
� 1

q

�
1� 1

p

��

= n
�
1� 1

p

��
1� 1

q

�

= pu
�
1� 1

p

�
qv

�
1� 1

q

�

= φ(pu)φ(qv)



5D*,0'6%3'-*T%%1"#74,(%#:%MN#%1"0$*-%

#(p1p2) = #(p1) #(p2)%

•! KH'$D6*T%%50/,*%9>%o%A%H%C%
#(10) = #(5) #(2) = 4%%

CCc%



.*/*"'6%3'-*T%%1"#74,(%#:%m%1"0$*%1#N*"-%

S*(%

CCe%

�Q=
�P!

�L= ��

�S�N�L�L

φ(n) = φ
! m"

i= 1
pkii

#

= n
m"

i= 1

$
1� 1

pi

%

=
m"

i= 1
φ

&
pkii

'



X06-#/^-%M)*#"*$%%
N0()%&#746'"%G"0()$*+,%

•! X06-#/^-%()*#"*$%-'E-%:#"%'%D"0$*%pB%()*"*%0-%'/%m%-4,)%()'(%
(p Ð 1)! = (p Ð 1) + mp

%#"%*g40I'6*/(6E%
(p Ð 1)! = (p Ð 1) mod p

%
•! 54DD#-*%p = 7 '/7%pÐ1 = 6=%%5#%6*(^-%*HD'/7%6!T%

%N)0,)%0-%N)'(%X06-#/^-%()*#"*$%D"*70,(-=%

% CCf%

����= 1 ! 2 ! 3 ! 4 ! 5 ! 6
= 1 ! (2 ! 4) ! (3 ! 5) ! 6
= ( 1 ! 1 ! 1 ! 6) mod 7
= 6 mod 7



!*"$'(^-%S0P6*%M)*#"*$%
N0()%&#746'"%G"0()$*+,%

L*-('(*%lR:%p%0-%D"0$*B%apÐ1 Ð 1%0-%70I0-0@6*%@E%p%:#"%'/E%0 < a < pm%'-%
lR:%p%0-%D"0$*B%apÐ1 = 1 mod p :#"%'/E%0 < a < p.”	
  	
  
X*^66%("E%p = 7 '/7%a = 2T%
%

%

%
%

%
%

%
R(%N#"O-r%

C;>%

26 = ( 2 ! 2 ! 2 ! 2 ! 2 ! 2)

26 ! 6! = ( 2 ! 2 ! 2 ! 2 ! 2 ! 2) ! (1 ! 2 ! 3 ! 4 ! 5 ! 6)

= ( 2 ! 1) ! (2 ! 2) ! (2 ! 3) ! (2 ! 4) ! (2 ! 5) ! (2 ! 6)

= ( 2 ! 4 ! 6 ! 1 ! 3 ! 5) mod 7
= ( 1 ! 2 ! 3 ! 4 ! 5 ! 6) mod 7
= 6! mod 7

26 = 1 mod 7



M)0/2-%(#%3#/-07*"%

•! K46*"%-'N%)#N%(#%('O*%'%"*-46(%:#"%'%-D*,0b,%
-$'66*"%-*(%VD"0$*-W%'/7%2*/*"'60u*%0(%(#%N#"O%
:#"%'%6'"2*"%-*(%V'66%D#-0+I*%0/(*2*"-W%

•! M)0-%07*'%#:%"*6'H0/2%"*g40"*$*/(-%0-%'(%()*%
)*'"(%#:%2*/*"0,%D"#2"'$$0/2%

C;9%


