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R/("#74,+#/%(#%GA-("',(%G62*A"'%
W3#I*"-%$'(*"0'6%:"#$%5*,>%X>=YX>QZ%



GA-("',(%G62*A"'%

•! ["'/,)%#:%$'()*$'+,-%()'(%7*'6-%N0()%
'A-("',(%*/++*-%,'66*7%!"#$%&!'()*+&,(+,&$*)
–!3#66*,+#/-%#:%#A\*,(-%()'(%:#66#N%,*"('0/%"46*-%

;%



."#4D-%

G%#&-,. %0-%'%-*(%#/%N)0,)%()*%:#66#N0/2%'"*%7*]/*7T%
•! @D*"'+#/-T% %x ◦ yC%x–1

•! 3#/-('/(T % %e%
%
'/7%:#"%N)0,)%()*%:#66#N0/2%'H0#$-%)#67T%
•! G--#,0'+I0(E x ◦ (y ◦ z) = (x ◦ y) ◦ z
•! R7*/+(E x ◦ e = e ◦ x = x
•! 3'/,*66'+#/   x ◦ x–1 = x–1 ◦ x = e)

Q%



."#4D%^#(*-%

•! M)*%,#/-('/(%e)0-%()*%'/$01+2)$"$3$0+)
–!R(%0-%#_*/%N"0P*/%'-%`=a%0/%$46+D60,'+I*%,#/(*H(-%

•! M)*%#D*"'+#/%x–1 0-%()*%0/I*"-*%
–!GDD6E0/2%2"#4D%#D*"'+#/%(#%'/%0(*$%'/7%0(-%

0/I*"-*%"*-46(-%0/%()*%07*/+(E%*6*$*/(%

B%



."#4D%@D*"'+#/%

•! M)*%2"#4D%#D*"'+#/%◦ 0-%A0/'"EC%$*'/0/2%0(%
('O*-%9%'"24$*/(-%

•! b*%#_*/%("*'(%()*%#D*"'+#/%'-%$46+D60,'+#/C%
N"0+/2%x ◦ y '-%xy%'/7)x ◦ x '-%x9%

•! M)*%2"#4D%#D*"'+#/%0-%/#(%/*,*--'"06E%
,#$$4('+I*C%0>*>%0(%0-%/#(%/*,*--'"06E%("4*%()'(%
x ◦ y = y ◦ x.%

X%



."#4D-%N0()%3#$$4('+I0(E %

•! G/%!%$"'!0)#&-,.)0-%'%2"#4D%N)#-*%#D*"'+#/%0-%
,#$$4('+I*>%

•! G/%!//'14$)#&-,.) 0-%'/%'A*60'/%2"#4D%N)*"*%()*%
2"#4D%#D*"'+#/%0-%'770+#/>%

•! G770+I*%2"#4D-%'"*%'--4$*7%(#%A*%,#$$4('+I*C%
*I*/%()#42)%()*%/'$*%7#*-/c(%*HD60,0(6E%-'E%()0->%

b0()%'770+I*%2"#4D-C%N*%4-*%70d*"*/(%/#('+#/T%
%̀ea%:#"%()*%2"#4D%#D*"'+#/%
%̀?a%:#"%07*/+(E%*6*$*/(%

f%



36#-4"*%

•! ."#4D-%'"*%("-*$/ %4/7*"%()*%2"#4D%#D*"'+#/>%
–!M)0-%$*'/-%0:%E#4%'DD6E%()*%2"#4D%#D*"'+#/%(#%'/E%

(N#%*6*$*/(-%#:%()*%2"#4DC%()*%"*-46(%0-%'/#()*"%
*6*$*/(%#:%()*%2"#4D>%

•! ."#4D-%'"*%,6#-*7%4/7*"%()*%0/I*"-*%#D*"'+#/>%
–!R:%E#4%'DD6E%()*%0/I*"-*%#D*"'+#/%(#%'/E%*6*$*/(%#:%

()*%2"#4DC%()*%"*-46(%0-%'/#()*"%*6*$*/(%#:%()*%
2"#4D>%

g%



KH'$D6*-%#:%."#4D-%

•! G770+I*%2"#4D%#:%0/(*2*"-%
•! &46+D60,'+I*%2"#4D%#:%/#/h*"#%"*$'0/7*"-%

$#746#%f%
•! ."#4D%#:%"*'""'/2*$*/(-%#:%'%7*,O%#:%,'"7-%
•! &46+D60,'+I*%2"#4D%#:%0/I*"+A6*%$'("0,*-%

N0()%"*'6%,#*i,0*/(-%
•! ."#4D%#:%"#('+#/-%#:%()*%D6'/*%

V%



&46+D60,'+I*%."#4D%#:%R/(*2*"-j%

•! ^#C%A*,'4-*%()*%$46+D60,'+I*%0/I*"-*%#:%$#-(%
0/(*2*"-%0-%/#(%'/%0/(*2*">%

•! R/%#()*"%N#"7-C%0/(*2*"-%'"*%/#(%,6#-*7%4/7*"%
$46+D60,'+I*%0/I*"-*>%

=?%



&46+D60,'+I*%2"#4D%#:%/#/h*"#%"*$'0/7*"-%
$#7%f%8%N)'(%$'O*-%0(%'%2"#4Dj%

•! k'-%A0/'"E%2"#4D%#D*"'+#/%
W$46+D60,'+#/Z%

•! k'-%'/%07*/+(E%*6*$*/(%
WD"#74,(%#: x '/7%1%0-%xZ%

•! 36#-*7%4/7*"%$46+D60,'+#/C%
*>2>%%
4 ◦ 3 = (4 x 3) mod 7 = 5

•! 36#-*7%4/7*"%0/I*"-*C%*>2>%
5–1 = 3 mod 7

! � � � � � � � � � � � �

�� �� �� �� �� �� ��

�� �� �� �� �� �� ��

�� �� �� �� �� �� ��

�� �� �� �� �� �� ��

�� �� �� �� �� �� ��

�� �� �� �� �� �� ��

{1, 2, 3, 4, 5, 6}

==%



lI'"0-(* %.'6#0-%W=g==Y=g;9Z%

•! b#467YA*%"*I#64+#/'"EC%
*HD*66*7%:"#$%-,)##6%

•! 5(470*7%$'()%#/%)0-%#N/%
•! J0*7%0/%'%D#0/(6*--%74*6%
•! b"#(*%'%6*P*"%()'(%

D6'/(*7%()*%-**7-%#:%
2"#4D%()*#"E%()*%/02)(%
A*:#"*%)0-%7*'()%

=9%



&#/#07-T%
b)*/%N*%7#/c(%/**7%0/I*"-*m%

G%3-0-'/ )0-%'%-*(%#/%N)0,)%()*%:#66#N0/2%'"*%
7*]/*7T%
•! @D*"'+#/-T % %x ◦ y
•! 3#/-('/(T % % %e%
%
'/7%:#"%N)0,)%()*%:#66#N0/2%'H0#$-%)#67T%
•! G--#,0'+I0(E x ◦ (y ◦ z) = (x ◦ y) ◦ z
•! R7*/+(E x ◦ e = e ◦ x = x

=;%



KH'$D6*-%#:%&#/#07-%

•! &#/#07%#:%]/0(*%-("0/2-%W:"**%$#/#07Z%
–!K6*$*/(-T% %-("0/2-%
–!@D*"'+#/T %,#/,'(*/'+#/%

–!R7*/+(ET% %*$D(E%-("0/2%

•! &46+D60,'+I*%$#/#07%#:%0/(*2*"-%
–!K6*$*/(-T% %0/(*2*"-%
–!@D*"'+#/T %$46+D60,'+#/%

–!R7*/+(ET% %=%

=Q%



5*$02"#4D-T%
b)*/%N*%7#/c(%/**7%07*/+(Em%

G%*$3'#&-,. )0-%'%-*(%#/%N)0,)%()*%:#66#N0/2%0-%
7*]/*7T%
•! @D*"'+#/T% % %x ◦ y
%
'/7%:#"%N)0,)%()*%:#66#N0/2%'H0#$-%)#67T%

•! G--#,0'+I0(E x ◦ (y ◦ z) = (x ◦ y) ◦ z
%

=B%



KH'$D6*-%#:%5*$02"#4D-%

•! G770+I*%-*$02"#4D%#:%D#-0+I*%0/(*2*"-%
–!K6*$*/(-T% %D#-0+I*%0/(*2*"-%
–!@D*"'+#/T %'770+#/%

•! &46+D60,'+I*%-*$02"#4D%#:%*I*/%0/(*2*"-%
–!K6*$*/(-T% %*I*/%0/(*2*"-%
–!@D*"'+#/T %$46+D60,'+#/%

=X%



L'0-0/2%5*$02"#4D%K6*$*/(%(#%'%1#N*"%

!#"$'6%7*]/0+#/T%

xn =

!
x if n = 1
xxn! 1 otherwise

=f%



!#"  n > 2,   xxn–1 = xn–1x%

•! ['-0-T%n = 2>%%R(c-%#AI0#4-6E%("4*C%A*,'4-*%
xx1 = xx = x1x

•! R/74,+#/%)ED#()*-0-T%%G--4$*%("4*%:#"%n = k – 1>%

xx(k–1)–1 = xxk–2 = xk–2x = x(k–1)–1x
•! J*"0I*%"*-46(%:#"%n = kT%

�[�[�N! �� = �[(�[�[�N! ��) �E�\���G�H�À�Q�L�W�L�R�Q���R�I���S�R�Z�H�U

= �[(�[�N! ���[) �E�\���L�Q�G�X�F�W�L�R�Q���K�\�S�R�W�K�H�V�L�V

= ( �[�[�N! ��)�[ �E�\���D�V�V�R�F�L�D�W�L�Y�L�W�\���R�I���V�H�P�L�J�U�R�X�S���R�S�H�U�D�W�L�R�Q

= ( �[�N! ��)�[ �E�\���G�H�À�Q�L�W�L�R�Q���R�I���S�R�Z�H�U

=g%



3#$$4('+I0(E %#:%1#N*"-T%
xnxm = xmxn = xn+m

•! ['-0-%m = 1T%

•! R/74,+I*%-(*D>%%G--4$*%:#"%m = k>%%5)#N%:#"%m = k+1T%

•! b*%)'I*%-)#N/%xnxm = xn+m, -#%'6-#%xmxn = xm+n.

•! [E%,#$$4('+I0(E %#:%'770+#/C%xn+m = xm+n, so xnxm = xmxn.%

�[�Q�[ = �[�[�Q �E�\���S�U�H�Y�L�R�X�V���O�H�P�P�D

= �[�Q+ �� �E�\���G�H�À�Q�L�W�L�R�Q���R�I���S�R�Z�H�U

�[�Q�[�N+ �� = �[�Q(�[�[�N) �E�\���G�H�À�Q�L�W�L�R�Q���R�I���S�R�Z�H�U

= (�[�Q�[)�[�N �E�\���D�V�V�R�F�L�D�W�L�Y�L�W�\���R�I���V�H�P�L�J�U�R�X�S���R�S�H�U�D�W�L�R�Q

= �[�Q+ ���[�N �E�\���S�U�H�Y�L�R�X�V���O�H�P�P�D���D�Q�G���G�H�À�Q�L�W�L�R�Q���R�I���S�R�Z�H�U

= �[�Q+ ��+ �N �E�\���L�Q�G�X�F�W�L�Y�H���K�\�S�R�W�K�H�V�L�V

= �[�Q+ �N+ �� �E�\���F�R�P�P�X�W�D�W�L�Y�L�W�\���R�I���L�Q�W�H�J�H�U���D�G�G�L�W�L�R�Q

=V%



R-%()*"*%'/E%'62*A"'0,%-("4,(4"*%
N*'O*"%()'/%-*$02"#4D-j%

•! M)*%#/6E%"*n40"*$*/(%6*_%(#%"*6'H%0-%()*%
'--#,0'+I0(E%'H0#$>%

•! G/%'62*A"'0,%-("4,(4"*%,'66*7%3!#3! %7"#D-%
()0-%'H0#$C%A4(%0(c-%/#(%I*"E%4-*:46>%
–!b0()#4(%'H0#$-C%E#4%,'/c(%7*"0I*%'/E%()*#"*$->%

9?%



L*,'D%#:%G62*A"'0,%5("4,(4"*-%

%

!"#$%&'(

)*$+,'(
-.#,+%/$(

!$0#,1#(

211/3*+%0#(

4/556&+%0#(

7#5*8,/6. (

9/$/*" (

:,/6.(

2;#<*+$(
:,/6.(

9+85+(

9=%



G66%2"#4D-%'"*%+&!0*5-&3!1-0)#&-,.*)

•! KI*"E%*6*$*/(%a%#:%()*%2"#4D%G%7*]/*-%'%
("'/-:#"$'+#/%#:%G%#/(#%0(-*6:T%

x ⟶ ax
!#"%*H'$D6*C%N0()%()*%'770+I*%2"#4D%#:%0/(*2*"-C%
0:%a = 5C%()*/%()0-%',(-%'-%'%`+5a%#D*"'+#/C%
("'/-:#"$0/2%*',)%*6*$*/(%x%(#%x + 5>%

•! M)*%("'/-:#"$'+#/-%'"*%#/*Y(#Y#/*%A*,'4-*%#:%
()*%0/I*"+A060(E%'H0#$%%

a–1(ax) ⟶ x%

99%



G%2"#4D%("'/-:#"$'+#/%0-%'%
#/*Y(#Y#/*%,#""*-D#/7*/,*%

Kn40I'6*/(6ET%
•! !#"%'/E%]/0(*%-*(%6%#:%*6*$*/(-%#:%2"#4D%7%

'/7%'/E%*6*$*/(%! %#:%7C%'%-*(%#:%*6*$*/(-%!6%
)'-%()*%-'$*%/4$A*"%#:%*6*$*/(-%'-%6>%

9;%



G%2"#4D%("'/-:#"$'+#/%0-%'%
#/*Y(#Y#/*%,#""*-D#/7*/,*%YY%1"##:%

•! R:%S = {s1, …, sn}%()*/%aS = {as1,…,asn}.
•! 54DD#-*%(N#%*6*$*/(-%#:%'5 %N*"*%()*%-'$*T%%asi = asj>%%

M)*/%
%

%
%

%
•! 5#%0:%"*-46(-%#:%("'/-:#"$'+#/%ask%'"*%*n4'6C%0/4D(-%sk%'"*%

*n4'6>%%Kn40I'6*/(6EC%0:%0/D4(-%/#(%*n4'6C%"*-46(-%/#(%*n4'6>%%
•! 50/,*%N*%-('"(*7%N0()%n%70-+/,(%'"24$*/(-C%N*%)'I*%n%

70-+/,(%"*-46(->%%5#%|aS| = |S|>%

a! ��(asi) = a! ��(asj)
(a! ��a)si = ( a! ��a)sj �E�\ �D�V�V�R�F�L�D�W�L�Y�L�W�\

esi = esj �E�\ �F�D�Q�F�H�O�O�D�W�L�R�Q

si = sj �E�\ �L�G�H�Q�W�L�W�\

9Q%



M)*"*%0-%'%4/0n4*%0/I*"-*%:#"%*I*"E%
*6*$*/(%#:%'%2"#4D>%

ab = e  ⟹  b = a–1

1"##:T%%54DD#-*%()*"*%0-%-#$*%b%()'(%,'/,*6-%aC%0>*>%
%ab = e%%

M)*/%N*%,'/%$46+D6E%A#()%-07*-%AE%a–1%#/%()*%6*_T%
%
%

%
%
%

%
%

�D�E= �H

�D! ��(�D�E) = �D! ���H

(�D! ���D)�E= �D! ��

�H�E= �D! ��

�E= �D! ��

9B%



M)*%0/I*"-*%#:%'%D"#74,(%0-%()*%
"*I*"-*7%D"#74,(%#:%()*%0/I*"-*->%

(ab)–1 = b–1a–1

1"##:T%%M)*%(N#%*HD"*--0#/-%'"*%*n4'6%0d%$46+D6E0/2%
#/*%AE%()*%0/I*"-*%#:%()*%#()*"%E0*67-%()*%07*/+(E>%

b*c66%4-*%()*%0/I*"-*%#:%(ab)–1, 0>*>%ab, '/7%$46+D6E%0(%AE%
b–1a–1T%

%
%
%

%%

(ab)(b���a���) = a(bb���)a���

= aa���

= e

9X%



1#N*"%#:%0/I*"-*%0-%0/I*"-*%#:%D#N*"%
(x–1)n = (xn)–1%

•! ['-0-%/%o%=T% %%(x–1)1 = x–1 = (x1)–1

•! R/74,+I*%-(*DT%%G--4$*%("4*%:#"%n = k – 1C%()'(%0-C%
(x–1)k–1 = (xk–1)–1.  5)#N%:#"%n = k>%

•! M)*"*:#"*%(x–1)n = (xn)–1>%%pKJ>%%

�[�N(�[! ��)�N= ( �[�[�N! ��)( �[! ��(�[! ��)�N! ��)

= ( �[�N! ���[)( �[! ��(�[! ��)�N! ��)

= �[�N! ��(�[�[! ��)( �[! ��)�N! ��

= �[�N! ��(�[! ��)�N! ��

= �[�N! ��(�[�N! ��)! ��

= �H

9f%



@"7*"%#:%'%2"#4D%

•! R:%'%2"#4D%)'-%n > 0 *6*$*/(-C%n%0-%,'66*7%()*%
2"#4Dc-%-&/$&>%

•! R:%'%2"#4D%)'-%0/]/0(*6E%$'/E%*6*$*/(-C%0(-%
#"7*"%0-%0/]/0(*>%

9g%



@"7*"%#:%'/%*6*$*/(%

G/%*6*$*/(%a%)'-%'/%-&/$&%n > 0%0:%an = e%'/7%:#"%
'/E%0 < k < nC%%ak ! e.%%

%

R/%#()*"%N#"7-C%()*%#"7*"%#:%a%0-%()*%-$'66*-(%
D#N*"%#:%a%()'(%D"#74,*-%e>%

%

R:%-4,)%n%7#*-%/#(%*H0-(C%a%)'-%'/%0/]/0(*%#"7*">%

%
%

9V%



KI*"E%*6*$*/(%#:%'%]/0(*%2"#4D%
)'-%'%]/0(*%#"7*"%

1"##:T%%R:%n%0-%#"7*"%#:%()*%2"#4DC%()*/%:#"%'/E%*6*$*/(%a, 
{a, a2, a3, …, an+1} )'-%'(%6*'-(%#/*%"*D*++#/ ai '/7%aj>%%%
%
S*(%4-%'--4$*%()'(%1 ≤ i < j ≤ n + 1C%ai%0-%()*%]"-(%
"*D*'(*7%*6*$*/(%'/7%aj%0(-%]"-(%"*D*++#/>%%M)*/%%
%
%
%
%
'/7%j – i > 0 0-%()*%#"7*"%#:%a>%

�D�M= �D�L

�D�M�D! �L= �D�L�D! �L= �H

�D�M! �L= �H

;?%



54A2"#4D-%

•! G%-4A-*(%H%#:%'%2"#4D%G%0-%,'66*7%'%*,%#&-,. %#:%G%0:T%

•! R/%#()*"%N#"7-C%(#%A*%'%-4A2"#4DC%H%$4-(%A*%'%
-4A-*(%'/7%'%2"#4D>%

•! KH'$D6*T%%M)*%'770+I*%2"#4D%#:%*I*/%/4$A*"-%0-%'%
-4A2"#4D%#:%()*%'770+I*%2"#4D%#:%0/(*2*"->%

�H! �+

�D! �+ =" �D! �� ! �+

�D, �E! �+ =" �D# �E! �+

;=%



k#N%$'/E%-4A2"#4D-j%

•! 5#$*%2"#4D-%)'I*%$'/E%-4A2"#4D->%
•! G6$#-(%'66%2"#4D-%)'I*%'(%6*'-(%(N#%-4A2"#4D-T%

–!M)*%2"#4D%0(-*6:%'/7%()*%2"#4D%,#/-0-+/2%#:%#/6E%e>%
–!M)*-*%(N#%'"*%,'66*7%+&'4'!"%-4A2"#4D->%

•! M)*%#/6E%2"#4D%N0()%'%-0/26*%-4A2"#4D%0-%()*%
#/*%,#/('0/0/2%\4-(%()*%07*/+(E%*6*$*/(>%

;9%



&46+D60,'+I*%2"#4D%{1, 2, 3, 4, 5, 6}�
#:%/#/h*"#%"*$'0/7*"-%$#746#%f%

%
%
•! !#4"%$46+D60,'+I*%-4A2"#4D-T%

{1}, {1, 6}, {1, 2, 4}, {1, 2, 3, 4, 5, 6}
•! k#N%7#%N*%O/#Nj%%K',)%0-%'%-4A-*(C%'/7%*',)%0-%'%

2"#4D>%%

! � � � � � � � � � � � �

�� �� �� �� �� �� ��

�� �� �� �� �� �� ��

�� �� �� �� �� �� ��

�� �� �� �� �� �� ��

�� �� �� �� �� �� ��

�� �� �� �� �� �� ��

;;%



3E,60,%."#4D-%

G%]/0(*%2"#4D%0-%,'66*7%(2("'(%0:%0(%)'-%'/%*6*$*/(%a%-4,)%
()'(%:#"%'/E%*6*$*/(%b%()*"*%0-%'/%0/(*2*"%n%N)*"*%

b = an

R/%#()*"%N#"7-C%*I*"E%*6*$*/(%,'/%A*%2*/*"'(*7%AE%
"'0-0/2%#/*%D'"+,46'"%*6*$*/(%(#%70d*"*/(%D#N*"->%

%
54,)%'/%*6*$*/(%0-%,'66*7%'%#$0$&!+-&%#:%()*%2"#4D>%

%

;Q%



&46+D60,'+I*%2"#4D%#:%/#/h*"#%
"*$'0/7*"-%$#746#%f%0-%'%,E,60,%2"#4D%

•! L*,'66%()'(%()*%-4A2"#4D-%#:%()0-%2"#4D%'"*T%
{1}, {1, 6}, {1, 2, 4}, {1, 2, 3, 4, 5, 6}

•! .*/*"'(#"-%#:%()*%2"#4D%'"*%;%'/7%BC%A*,'4-*%
()*E%'"*%/#(%0/%'/E%/#/("0I0'6%-4A2"#4D>%

;B%



1#N*"-%#:%'%20I*/%*6*$*/(%0/%'%]/0(*%
2"#4D%:#"$%'%-4A2"#4D%

1"##:T%%M#%A*%-4A2"#4DC%$4-(%A*%/#/*$D(E%-4A-*(%'/7%2"#4D>%

•! M#%A*%/#/*$D(E%-4A-*(C%$4-(%A*%,6#-*7%4/7*"%2"#4D%
#D*"'+#/>%q*-C%A*,'4-*%D"#74,(%#:%(N#%D#N*"-%0-%'%D#N*">%

•! M#%A*%2"#4DC%#D*"'+#/%$4-(%A*%'--#,0'+I*C%$4-(%,#/('0/%
07*/+(E%*6*$*/(C%'/7%$4-(%)'I*%'/%0/I*"-*%#D*"'+#/>%

–!G--#,0'+I*T%q*-C%A*,'4-*%0(c-%()*%-'$*%'-%()*%#"020/'6%
#D*"'+#/>%

–!R7*/+(ET%%q*-C%A*,'4-*%N*%-)#N*7%*'"60*"%()'(%*I*"E%*6*$*/(%
#:%'%]/0(*%2"#4D%)'-%'%]/0(*%#"7*">%

–!R/I*"-*T%%q*-C%A*,'4-*%:#"%*I*"E%D#N*"%akC%an–k%0-%0(-%0/I*"-*C%
N)*"*%n)0-%()*%#"7*"%#:%a>%

;X%



M)0/2-%(#%3#/-07*"%

•! @"2'/0h0/2%'62*A"'0,%-("4,(4"*-%'-%'%('H#/#$E%
$'O*-%()*0"%"*6'+#/-)0D-%,6*'"C%'/7%*/'A6*-%
()*%70-,#I*"E%#:%/*N%-("4,(4"*-%

•! M)*%',(%#:%,#/-("4,+/2%'%('H#/#$E%:#",*-%E#4%
(#%7*I*6#D%'%,#/,*D(4'6%:"'$*N#"O%:#"%()*%
7#$'0/%

•! M'H#/#$0*-%)'I*%A**/%'%-#4",*%#:%0/-02)(-%0/%
-,0*/,*%-0/,*%()*%+$*%#:%G"0-(#(6*C%'/7%'"*%-+66%
4-*:46%0/%D"#2"'$$0/2%

;f%



S*,(4"*%=?%

S'2"'/2*c-%M)*#"*$%
W3#I*"-%$'(*"0'6%:"#$%5*,>%X>BYX>gZ%



GA-("',(%G62*A"'%

GA-("',(%'62*A"'%6*(-%4-%D"#I*%"*-46(-%:#"%
-("4,(4"*-%-4,)%'-%2"#4D-%8'+9-,+):0-8'0#)
!02+9'0#)!%-,+)$'+9$&)+9$)'+$3*)'0)+9$)#&-,.)-&)
+9$)-.$&!1-0>%

;V%



3#-*(- %

%
R/%#()*"%N#"7-C%'%,#-*( %aH%0-%'%-*(%#:%'66%*6*$*/(-%0/%G%
#A('0/'A6*%AE%$46+D6E0/2%*6*$*/(-%#:%H%AE%a>%

�,�IG �L�V���D���J�U�R�X�S���D�Q�GH ! G �L�V���D���V�X�E�J�U�R�X�S���R�IG��
�W�K�H�Q���I�R�U���D�Q�\a " G �W�K�H(left) coset �R�Ia �E�\H �L�V���D���V�H�W

aH = { g " G | #h " H : g = ah}

Q?%



KH'$D6*-%#:%3#-*(- %

3#/-07*"%()*%'770+I*%2"#4D%#:%0/(*2*"-%! %'/7%0(-%
-4A2"#4DC%0/(*2*"-%70I0-0A6*%AE%QC%Q! >%
R(%)'-%:#4"%70-+/,(%,#-*(- T%
•! Q/%
•! Q/e=%
•! Q/e9%
•! Q/e;%
G770/2%#()*"%0/(*2*"-%N066%"*-46(%#/6E%0/%I'64*-%
'6"*'7E%0/%#/*%#:%()*-*%,#-*(- >%

Q=%



50h*%#:%3#-*(- %

R/%'%]/0(*%2"#4D%GC%:#"%'/E%#:%0(-%-4A2"#4D-%HC%
()*%/4$A*"%#:%*6*$*/(-%0/%'%,#-*( %aH%0-%()*%-'$*%
'-%()*%/4$A*"%#:%*6*$*/(-%0/%()*%-4A2"#4D%H>%

1"##:T%%%

•! 1"*I0#4-6E%D"#I*7%#/*Y(#Y#/*%,#""*-D#/7*/,*%#:%
("'/-:#"$'+#/-% aS%N)*/ S 0-%'%-4A-*(%#:%G>%%%

•! 50/,*%'%-4A2"#4D%0-%'6-#%'%-4A-*(C%()*%$'DD0/2%:"#$%H%(#%
aH%0-%'6-#%'%#/*Y(#Y#/*%,#""*-D#/7*/,*>%%%

•! R:%()*"*%0-%'%#/*Y(#Y#/*%,#""*-D#/7*/,*%A*(N**/%(N#%
]/0(*%-*(-C%()*E%'"*%()*%-'$*%-0h*>%

Q9%



3#$D6*(*%3#I*"'2*%AE%3#-*(- %

KI*"E%*6*$*/(%a%#:%'%2"#4D%G%%
A*6#/2-%(#%-#$*%,#-*( %#:%-4A2"#4D%H>%

1"##:T%
KI*"E%*6*$*/(%a%A*6#/2-%(#%()*%,#-*( %aH%2*/*"'(*7%AE%
0(-*6:C%A*,'4-*%HC%A*0/2%'%-4A2"#4DC%,#/('0/-%()*%
07*/+(E%*6*$*/(>%

Q;%



3#-*(- %'"*%*0()*"%70-\#0/(%#"%07*/+,'6%

R:%(N#%,#-*(- %aH%'/7%bH%0/%'%2"#4D%G%)'I*%'%,#$$#/%
*6*$*/(%cC%()*/%aH = bH>%

1"##:%W-('"(ZT%
•! 54DD#-*%()*%,#$$#/%*6*$*/(%c%0-%aha%0/%#/*%,#-*( %

'/7%bhb%0/%()*%#()*"%,#-*( C%0>*>%aha = bhb>%

•! &46+D6E0/2%A#()%-07*-%#/%()*%"02)(%AE%ha
–1C%N*%2*(T%

�D�K�D�K! ��
�D = �E�K�E�K

! ��
�D

�D= �E�K�E�K
! ��
�D

�D= �E(�K�E�K! ��
�D )

QQ%



3#-*(- %'"*%*0()*"%70-\#0/(%#"%07*/+,'6%
WD"##:%,#/+/4*7Z%

a = b(hbha
–1)

•! M)*%(*"$%#/%()*%"02)(%0-%A%+$*-%-#$*()0/2%:"#$%k>%
•! &46+D6E%A#()%-07*-%#/%()*%"02)(%AE%xC%'/%*6*$*/(%#:%kT%

ax = b(hbha
–1)x

•! b*%O/#N%()'(%ax%0-%0/%()*%,#-*( %aH>%%%
b*%O/#N%()'(%(*"$%#/%"02)(%0-%'6-#%0/%,#-*( %bH>%%%
50/,*%N*%,'/%7#%()0-%:#"%'/E%x%0/%HC%aH Cš bH>%

•! L*D*'(%:"#$%A*20//0/2C%4-0/2%hb
–1%(#%-)#N%bH%Cš%aH>%

•! 5#%aH%o%bH>%

QB%



S'2"'/2*c-%M)*#"*$%

M)*%#"7*"%#:%'%-4A2"#4D%H%#:%'%]/0(*%2"#4D%G%70I07*-%()*%
#"7*"%#:%()*%2"#4D>%

1"##:T%

•! b*%'6"*'7E%D"#I*7%()'(T%

–!M)*%2"#4D%G%0-%,#I*"*7%AE%,#-*(- %#:%H>%%

–!J0d*"*/(%,#-*(- %'"*%70-\#0/(>%

–!M)*E%'"*%()*%-'$*%-0h*%nC%N)*"*%n%0-%#"7*"%#:%H>%

•! M)*"*:#"*%()*%#"7*"%#:%G%0-%nmC%N)*"*%m%0-%()*%/4$A*"%#:%
70-+/,(%,#-*(- C%-#%#"7*"%#:%G%0-%'%$46+D6*%#:%#"7*"%#:%H>%%%

•! R/%#()*"%N#"7-C%()*%#"7*"%#:%H%70I07*-%()*%#"7*"%#:%G>%
QX%



S'2"'/2*c-%M)*#"*$%KH'$D6*%

•! 54DD#-*%'%2"#4D%G%)'-%(N#%70-+/,(%,#-*(- %#:%
0(-%-4A2"#4D%H

•! M)*/%*I*"E%*6*$*/(%#:%G%$4-(%A*%,#I*"*7%AE%
#/*%#"%()*%#()*"%WA4(%/#(%A#()Z%#:%()*%,#-*(- %

•! 5#%()*%#"7*"%#:%H%$4-(%A*%|G|/2>%

Qf%



r#-*D)YS#40-%S'2"'/2*%W=f;XY=g=;Z%

•! S*'70/2%$'()*$'+,0'/%
0/%K4"#D*%'(%()*%+$*%

•! 3#/("0A4(*7%(#%$'/E%
'"*'-%#:%$'()*$'+,-%
'/7%D)E-0,-%

•! S0I*7%0/%R('6EC%.*"$'/EC%
'/7%!"'/,*%

•! R/I#6I*7%0/%,"*'+#/%#:%
()*%$*("0,%-E-(*$%

Qg%



3#"#66'"E%=%(#%S'2"'/2*c-%M)*#"*$%

M)*%#"7*"%#:%'/E%*6*$*/(%0/%'%]/0(*%2"#4D%70I07*-%()*%
#"7*"%#:%()*%2"#4D>%

1"##:T%
•! M)*%D#N*"-%#:%'/%*6*$*/(%#:%G%:#"$%'%-4A2"#4D%#:%G>%
•! 50/,*%()*%#"7*"%#:%'/%*6*$*/(%0-%()*%#"7*"%#:%()*%

-4A2"#4DC%'/7%-0/,*%()*%#"7*"%#:%()*%-4A2"#4D%$4-(%
70I07*%()*%#"7*"%#:%()*%2"#4DC%()*/%()*%#"7*"%#:%()*%
*6*$*/(%$4-(%70I07*%()*%#"7*"%#:%()*%2"#4D>%

QV%



3#"#66'"E%9%(#%S'2"'/2*c-%M)*#"*$%

.0I*/%'%2"#4D%G%#:%#"7*"%nC%0:%a%0-%'/%*6*$*/(%#:%GC%
()*/%an = e>%

1"##:T%
•! R:%a%)'-%'/%#"7*"%mC%()*/%m 70I07*-%n%WAE%3#"#66'"E%=ZC%
•! 5#%n = qm>%

•! %am = e WAE%7*]/0+#/%#:%#"7*"%#:%'/%*6*$*/(Z>%
•! M)*"*:#"*%(am)q = e '/7%an = e>%

B?%



1"#I0/2%!*"$'(c-%S0P6*%M)*#"*$%
N0()%S'2"'/2*c-%M)*#"*$%

R:%p%D"0$*C%ap–1 – 1 0-%70I0-0A6*%AE%p%:#"%'/E%0 < a < p
1"##:T%
•! M'O*%()*%$46+D60,'+I*%2"#4D%#:%"*$'0/7*"-%$#7%p>%

•! R(%,#/('0/-%p–1%/#/h*"#%"*$'0/7*"-C%%
0>*>%)'-%#"7*"%p–1C%-#%:"#$%,#"#66'"E%9T%%
% % % % % % %ap–1 = e%

•! 50/,*%()*%07*/+(E%*6*$*/(%0-%=T%

%
%
%%%N)0,)%0-%N)'(%0(%$*'/-%(#%A*%70I0-0A6*%AE%p>%

�D�S! �� = � � � P� R� G�S

�D�S! �� ! �� = � � � P� R� G�S

B=%



1"#I0/2%K46*"c-%M)*#"*$%
N0()%S'2"'/2*c-%M)*#"*$%

!#"%0 < a < nC%a%'/7%n ,#D"0$*, a" (n) – 1 0-%70I0-0A6*%AE%n

1"##:T%%

•! M'O*%()*%$46+D60,'+I*%2"#4D%#:%0/I*"+A6*%"*$'0/7*"-%
$#7%n>%

•! 50/,*%" (n) 0-%/4$A*"%#:%,#D"0$*-C%'/7%*I*"E%,#D"0$*%0-%
0/I*"+A6*C%"( n) 20I*-%()*%#"7*"%#:%()*%2"#4D>%

•! R(%:#66#N-%:"#$%3#"#66'"E%9%()'(T%

•! @"%*n40I'6*/(6ET%a" (n) – 1 = 0 mod n)
N)0,)%0-%N)'(%0(%$*'/-%(#%A*%70I0-0A6*%AE%n>

�D�‰(�Q) = �H

�D�‰(�Q) = � � � P� R� G�Q

B9%



GA-("',(%G62*A"'%'/7%&#7*6%M)*#"E%

•! b)*/%N*%'DD6E%'A-("',+#/%(#%()0/2-%60O*%
"*$'0/7*"-%'/7%$#746'"%'"0()$*+,C%N*%2*(%
#&-,.*)

•! b*%,'/%'6-#%'DD6E%'A-("',+#/%(#%()0/2-%60O*%
2"#4D-C%'/7%2*(%+9$-&'$*>%

B;%



M)*#"0*-%

J*]/0+#/T%%G%+9$-&2%0-%'%-*(%#:%("4*%D"#D#-0+#/->%
•! 3'/%A*%2*/*"'(*7%AE%'H0#$-%e%0/:*"*/,*%"46*->%

•! G%()*#"E%0-%;0'+$"2)!<'-3!1=!%"$ )0:%0(%,'/%A*%2*/*"'(*7%
:"#$%'%]/0(*%-*(%#:%'H0#$->%

•! G%-*(%#:%'H0#$-%0-%'0/$.$0/$0+%0:%"*$#I0/2%#/*%N066%
7*,"*'-*%()*%-*(%#:%("4*%D"#D#-0+#/->%

•! G%()*#"E%0-%(-3."$+$ %0:%:#"%'/E%D"#D#-0+#/-C%*0()*"%()'(%
D"#D#-0+#/%#"%0(-%/*2'+#/%0-%0/%()*%()*#"E>%

•! G%()*#"E%0-%(-0*'*+$0+%0:%:#"%/#%D"#D#-0+#/%0(%,#/('0/-%
A#()%()'(%D"#D#-0+#/%'/7%0(-%/*2'+#/>%

BQ%



."#4D-%'-%M)*#"0*-%

•! .0I*/%#D*"'+#/-%x ◦ y%'/7%x–1 '/7%()*%07*/+(E%
*6*$*/(%eC%()*%()*#"E%#:%'%2"#4D%)'-%'H0#$-T

x ◦ (y ◦ z) = (x ◦ y) ◦ z
x ◦ e = e ◦ x = x

x ◦ x–1 = x–1 ◦ x = e
•! 5('"+/2%N0()%()*-*C%N*%,'/%7*"0I*%("4*%

D"#D#-0+#/-%W()*#"*$-Z%-4,)%'-T%
x ◦ y = x  ⟹  y = e
(x ◦ y)–1 = yÐ1 ◦ xÐ1 %

BB%



@A-*"I'+#/-%'A#4(%M)*#"0*-%

•! r4-(%A*,'4-*%'%()*#"E%0-%'%-*(%#:%("4*%
D"#D#-0+#/-%7#*-/c(%$*'/%N*%)'I*%(#%
*/4$*"'(*%()*$>%
–!b*%,'/%2*/*"'(*%()*$%:"#$%'H0#$-%'/7%

D"*I0#4-6E%D"#I*/%D"#D#-0+#/->%

•! GH0#$-%:#"$%'%A'-0-%:#"%'%()*#"E%%
–!W60O*%A'-0-%I*,(#"-%0/%60/*'"%'62*A"'Z%

•! b*%,'/%)'I*%$#"*%()'/%#/*%A'-0-%:#"%()*%
-'$*%()*#"E>%

BX%



&#7*6-%

G%-*(%#:%*6*$*/(-%N)*"*%'66%()*%#D*"'+#/-%0/%()*%
()*#"E%'"*%7*]/*7%'/7%'66%()*%D"#D#-0+#/-%0/%()*%
()*#"E%'"*%("4*%0-%,'66*7%0(-%3-/$" >%
%

•! G%$#7*6%0-%60O*%'/%0$D6*$*/('+#/%#:%'%()*#"E>%
•! G%()*#"E%,'/%)'I*%$46+D6*%$#7*6->%

–! KH'$D6*T%%()*%'770+I*%2"#4D%#:%0/(*2*"-%'/7%%
()*%$46+D60,'+I*%2"#4D%#:%"*$'0/7*"-%$#746#%f%%
'"*%A#()%$#7*6-%#:%()*%()*#"E%#:%'A*60'/%2"#4D->%

Bf%



^4$A*"%#:%&#7*6-%:#"%'%M)*#"E%

•! M)*%$#"*%D"#D#-0+#/-%()*"*%'"*%0/%'%()*#"EC%()*%:*N*"%
70d*"*/(%$#7*6-%()*"*%'"*>%

•! GH0#$-%'/7%D"#D#-0+#/-%'"*%,#/-("'0/(-%#/%'%()*#"E%

–!M)*%$#"*%E#4%)'I*C%()*%)'"7*"%0(%0-%(#%-'+-:E%'66%#:%
()*$C%-#%()*%:*N*"%$#7*6-%()*"*%N066%A*%()'(%7#%-#>%

–!3#/I*"-*6EC%()*%$#"*%$#7*6-%()*"*%'"*%:#"%'%
()*#"EC%()*%:*N*"%D"#D#-0+#/-%()*"*%'"*>%

Bg%



R-#$#"D)0,%&#7*6-%

MN#%$#7*6-%'"*%'*-3-&.9'( %0:%()*"*%0-%'%#/*Y(#Y#/*%
,#""*-D#/7*/,*%A*(N**/%()*$%()'(%D"*-*"I*-%()*0"%
#D*"'+#/->%
%

M)0-%$*'/-%N*%,'/%'DD6E%()*%$'DD0/2%W#"%0(-%0/I*"-*Z%
A*:#"*%#"%'_*"%()*%#D*"'+#/%'/7%N*c66%2*(%()*%-'$*%"*-46(>%

x, y x', y' 

f(x', y') = (f(x, y))' f(x, y) 

mapping 

mapping 

operation operation 

BV%



R-#$#"D)0,%&#7*6-%KH'$D6*%

•! b*%,'/%$'D%/'(4"'6%/4$A*"-%(#%*I*/%/'(4"'6%
/4$A*"-%N0()%()*%$'DD0/2%`$46+D6E%AE%9a%'/7%4-*%
'770+#/%'-%#4"%#D*"'+#/>%

•! R:%N*%'77%(N#%/4$A*"-%'/7%()*/%'DD6E%()*%$'DD0/2%
W$46+D6E%AE%9ZC%N*%2*(%()*%-'$*%"*-46(%'-%0:%N*%
$46+D6E%AE%9%'/7%()*/%'77T%

3, 4 6, 8 

14 7 

N ⟼ even 

N ⟼ even 

f(x,y) = x + y f(x,y) = x + y 

X?%



&#"*%GA#4(%M)*#"0*-%'/7%&#7*6-%

•! G/%0-#$#"D)0-$%#:%'%$#7*6%N0()%0(-*6:%0-%,'66*7%'/%
!,+-3-&.9'*3 >%

•! G%W,#/-0-(*/(Z%()*#"E%0-%,'66*7%(!+$#-&'(!"%#"%
,0'4!"$0+%0:%'66%0(-%$#7*6-%'"*%0-#$#"D)0,>%

•! G/%0/,#/-0-(*/(%()*#"E%0-%#/*%()'(%)'-%/#%$#7*6->%
–!M)*"*c-%/#%N'E%(#%-'+-:E%'66%()*%D"#D#-0+#/-%N0()#4(%

'%,#/("'70,+#/>%

X=%



3'(*2#"0,'6%M)*#"0*-%I->%5MS%

•! 1*#D6*%4-*7%(#%A*60*I*%()'(%#/6E%,'(*2#"0,'6%
()*#"0*-%$'7*%-*/-*%:#"%D"#2"'$$0/2>%

•! b)*/%5MS%N'-%D"#D#-*7C%-#$*%#A\*,(*7%()'(%
-#$*%#:%0(-%,#/,*D(-C%-4,)%'-%!"#$%"&$C%N*"*%
4/7*"-D*,0]*7%W0>*>%/#(%,'(*2#"0,'6Z>%

•! [4(%5MSc-%D#N*"%,#$*-%:"#$%()0-%2*/*"'60(ET%

–!K>2>%60/O*7%60-(-%'/7%'""'E-%'"*%/#(%0-#$#"D)0,C%A4(%
$'/E%5MS%'62#"0()$-%N#"O%#/%A#()%7'('%-("4,(4"*->%

X9%



3'(*2#"0,'6%M)*#"E%N0()%9%R-#$#"D)0,%&#7*6-T%
3E,60,%."#4D-%#:%@"7*"%Q%

0" 1" 2" 3"
0" 0" 1" 2" 3"
1" 1" 2" 3" 0"
2" 2" 3" 0" 1"
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3#6#"0/2%multiply-accumulate !
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int  mult_acc4( int  r , int  n , int  a ) { 
  while (true) { 
    if ( odd(n) ) { 
      r = r + a; 
      if (n == 1) return r; 
    } 
    n = half(n ) ; 
    a = a + a; 
  } 
}  

@A-*"I'+#/T%%
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N0()%=%
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template < typename  A , typename  N > 
A multiply_accumulate0( A r , N n , A a ) { 
    while (true) { 
        if ( odd(n) ) { 
            r = r + a ; 
            if ( n == 1 ) return r ; 
        } 
        n = half(n) ; 
        a = a + a ; 
    } 
} 
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•! '--02/*7%W0/%3eeC%$4-(%)'I*%operator= Z%

% ff%

template < typename  A , typename  N> 
A multiply_accumulate0( A r , N n, A a ) { 
    while (true) { 
        if (odd(n)) { 
            r = r + a ; 
            if (n == 1) return r; 
        } 
        n = half(n); 
        a = a + a ;         } } 
  



5*$'/+,%L*n40"*$*/(-%#/%' %

M)*%'770+#/%#D*"'(#"%e%$4-(%A*%'--#,0'+I*T%

fg%

A(T) =) 8a, b, c 2 T : a + (b + c) = (a + b) + c
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% % % %w = (x + y) + z; 

    w = x + (y + z); 
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(�D!= �E) "# Â(�D= �E)

�D= �D

�D= �E =! �E= �D

�D= �E" �E= �F =! �D= �F

�I�R�U �D�Q�\ �I�X�Q�F�W�L�R�Q�I�R�Q �7, �D= �E =! �I(�D) = �I(�E)
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template < NoncommutativeAdditiveSemigroup  A, 
          typename  N> 
A multiply_accumulate (A r, N n, A a) { 
    while (true) { 
        if (odd(n)) { 
            r = r + a; 
            if (n == 1) return r; 
        } 
        n = half(n ); 
        a = a + a; 
    } 
}  
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,#/,*D(-C%A4(%N*%,'/%:'O*%()*$%60O*%()0-T%
  

 #define NoncommutativeAdditiveSemigroup  typename  
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 half 
 odd 
 == 1 
 == 0  WN*%7#/c(%/**7%/#NC%A4(%N*%N066%0/%'%$0/4(*Z%
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template < typename  A, typename  N > 
A multiply_accumulate0( A r , N n , A a) { 
    while (true) { 
        if ( odd(n) ) { 
            r = r + a; 
            if ( n == 1 ) return r; 
        } 
        n = half(n) ; 
        a = a + a ;         } } 
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�H�Y�H�Q(�Q) =! �K�D�O�I(�Q) + �K�D�O�I(�Q) = �Q

�R�G�G(�Q) =! �H�Y�H�Q(�Q" ��)

�R�G�G(�Q) =! �K�D�O�I(�Q" ��) = �K�D�O�I(�Q)

�$�[�L�R�P���Q# �� $ �K�D�O�I(�Q) = �� $ �K�D�O�I(�K�D�O�I(�Q)) = �� $ . . .
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template < NoncommutativeAdditiveSemigroup  A, 
          Integer N> 
A multiply_accumulate_semigroup (A r, N n, A a) { 
    // precondition ( n >= 0); 
    if (n == 0) return r; 
    while (true) { 
        if (odd(n)) { 
            r = r + a; 
            if (n == 1) return r; 
        } 
        n = half(n ); 
        a = a + a; 
    } 
} 



!466E%.*/*"0,%<*"-0#/%#:%&46+D6E!
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template < NoncommutativeAdditiveSemigroup  A, 
          Integer N> 
A multiply_semigroup (N n, A a) { 
    // precondition ( n > 0); 
    while (!odd(n)) { 
        a = a + a; 
        n = half(n ); 
    } 
    if (n == 1) return a; 
    return multiply_accumulate_semigroup (a, 
               half(n - 1), a + a); 
} 
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x ◦ e = e ◦ x = x
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–!&#/#07%
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x + 0 = 0 + x = x
%
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template < NoncommutativeAdditiveMonoid  A, 
          Integer N> 
A multiply_monoid (N n, A a) { 
    // precondition ( n >= 0); 
    if (n == 0) return A(0); 
    return multiply_semigroup (n, a); 
}  
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template < NoncommutativeAdditiveGroup  A, 
          Integer N> 
A multiply_group (N n, A a) { 
    if (n < 0) { 
        n = -n; 
        a = -a; 
    } 
    return  multiply_monoid(n , a); 
} 
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template < Multiplicative Semigroup  A, 
          Integer N> 
A power_accumulate_semigroup (A r, A a, N n ) { 
    // precondition ( n >= 0); 
    if (n == 0) return r; 
    while (true) { 
        if (odd(n)) { 
            r = r *  a; 
            if (n == 1) return r; 
        } 
        n = half(n ); 
        a = a *  a; 
    } 
} 
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template < Multiplicative Semigroup  A, 
          Integer N> 
A power_semigroup ( A a, N n) { 
    // precondition ( n > 0); 
    while (!odd(n)) { 
        a = a *  a; 
        n = half(n ); 
    } 
    if (n == 1) return a; 
    return power_accumulate_semigroup (a, 
               a * a , half(n - 1) ); 
} 
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template < MultiplicativeMonoid  A, Integer N> 
A power_monoid (A a, N n) { 
    // precondition(n >= 0); 
    if (n == 0) return A(1); 
    return power_semigroup (a, n); 
} 
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template < MultiplicativeGroup  A, Integer N> 
A power_group (A a, N n) { 
    if (n < 0) { 
        n = -n; 
        a = multiplicative_inverse (a); 
    } 
    return power_monoid (a, n); 
} 
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template < MultiplicativeGroup  A> 
A multiplicative_inverse (A a) { 
    return A(1) / a; 
} 
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A power_semigroup ( A a, N n) { 
    // precondition ( n > 0); 
    while (!odd(n)) { 
        a = a *  a; 
        n = half(n ); 
    }  

 ...  

A multiply_semigroup (N n, A a) { 
    // precondition ( n > 0); 
    while (!odd(n)) { 
        a = a + a; 
        n = half(n ); 
    } 

 ... 
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template < Regular  A, Integer N, SemigroupOperation  Op > 
// requires (Domain<Op, A>) 
A power_accumulate_semigroup (A r, A a, N n, Op op ) { 
    // precondition ( n >= 0); 
    if (n == 0) return r; 
    while (true) { 
        if (odd(n)) { 
            r = op(r, a) ; 
            if (n == 1) return r; 
        } 
        n = half(n ); 
        a = op(a , a) ; 
    } 
} 
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template <Regular A, Integer N, 
          SemigroupOperation  Op > 
// requires (Domain<Op, A>) 
A power_semigroup (A a, N n, Op op ) { 
    // precondition(n > 0); 
    while (!odd(n)) { 
        a = op(a, a) ; 
        n = half(n); 
    } 
    if (n == 1) return a; 
    return power_accumulate_semigroup (a, 
               op(a, a) , half(n - 1), op); 
} 
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template <Regular A, Integer N, 
          MonoidOperation  Op > 
// requires(Domain<Op, A>) 
A power_monoid (A a, N n, Op op) { 
    // precondition(n >= 0); 
    if (n == 0) return identity_element (op) ; 
    return power_semigroup (a, n, op); 
}  
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template < NoncommutativeAdditiveMonoid  T> 
T identity_element ( std ::plus<T>) { 
    return T(0); 
}  

template < MultiplicativeMonoid  T> 
T identity_element ( std ::multiplies<T>) { 
    return T(1); 
}  
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template <Regular A, Integer N, 
          GroupOperation  Op > 
// requires(Domain<Op, A>) 
A power_group (A a, N n, Op op) { 
    if (n < 0) { 
        n = -n; 
        a = inverse_operation (op) (a);  
    } 
    return power_monoid (a, n, op); 
} 
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template < AdditiveGroup  T> 
std ::negate<T> inverse_operation ( std ::plus<T>) { 
    return std ::negate<T>(); 
} 

template < MultiplicativeGroup  T> 
reciprocal<T> 
inverse_operation ( std ::multiplies<T>) { 
    return reciprocal<T>(); 
}  
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template < MultiplicativeGroup  T> 
struct  reciprocal { 
    T operator()( const  T& x) const  { 
        return T(1) / x; 
    } 
};  
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int  fib0( int  n) { 
    if (n == 0) return 0; 
    if (n == 1) return 1; 
    return fib0(n - 1) + fib0(n - 2); 
} 
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int  fibonacci_iterative ( int  n) { 
    if (n == 0) return 0; 
    std ::pair< int , int > v = {0, 1}; 
    for ( int  i  = 1; i  < n; ++ i ) { 
        v = { v.second , v.first  + v.second }; 
    } 
    return v.second ; 
}  
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$46+D6E%D#N*"-%#:%x%)02)*"%()'/%=>%
%
4x4 + 7x3 – x2 + 27x – 3 = (((4x + 7)x – 1)x + 27)x Ð 3

!#"%'%D#6E/#$0'6%#:%7*2"**%nC%%
N*%/**7%n%$46+D60,'+#/-%'/7%n – m '770+#/-C%
N)*"*%m%0-%()*%/4$A*"%#:%,#*i,0*/(-%*n4'6%(#%h*"#>%

%
=QB%



1#6E/#$0'6%KI'64'+#/%!4/,+#/%
z-0/2%k#"/*"c-%L46*!

=QX%

template < InputIterator  I, Semiring  R> 
R polynomial_value (I first, I last, R x) { 
    if (first == last) return R(0); 
    R sum(*first); 
    while (++first != last) { 
        sum *= x; 
        sum += *first; 
    } 
    return sum; 
}  



L*n40"*$*/(-%:#"%<'"0'A6*-%0/%
1#6E/#$0'6%KI'64'+#/%!4/,+#/!

•! 4%0-%'%-*$0"0/2%
–!()*%(ED*%#:%I'"0'A6*%H%0/%()*%D#6E/#$0'6%
–!'%-*$0"0/2%0-%'%-("4,(4"*%N)*"*%$46+D60,'+#/%

70-("0A4(*-%#I*"%'770+#/%

•! !%0-%'/%R(*"'(#"%
–!'%2*/*"'60h*7%D#0/(*"%
–!N*%N'/(%(#%0(*"'(*%#I*"%()*%-*n4*/,*%#:%,#*i,0*/(-%

•! <'64*%(ED*%#:%R(*"'(#"%,'/%A*%'/%*/+"*6E%70d*"*/(%
(ED*C%-4,)%'-%'%$'("0H>%

=Qf%



5(*I0/c-%1#6E/#$0'6-%'/7%
G"0()$*+,%@D*"'+#/-%

•! G770+#/%'/7%-4A("',+#/T%
G77%#"%-4A("',(%,#""*-D#/70/2%,#*i,0*/(->%

•! &46+D60,'+#/T%
&46+D6E%*I*"E%,#$A0/'+#/%#:%*6*$*/(-C%0>*>%0:%
ai%'/7%bi%'"*%i() %,#*i,0*/(-%#:%$46+D60,'/7-%'/7%ci%0-%
()*%i() %,#*i,0*/(%#:%D"#74,(C%()*/T%

=Qg%

c0 = a0b0

c1 = a0b1 + a1b0

c2 = a0b2 + a1b1 + a2b0

...

ck = !
k=i+j

aibj



J*2"**%#:%1#6E/#$0'6-%

•! M)*%/$#&$$%#:%'%D#6E/#$0'6%7*2WpZ%0-%()*%0/7*H%
#:%()*%)02)*-(%/#/h*"#%,#*i,0*/(%
–!Kn40I'6*/(6EC%()*%)02)*-(%D#N*"%#:%()*%I'"0'A6*%

•! KH'$D6*-T%
% %7*2W5Z%=%0%
% %7*2Wx + 3Z%= 1%
% %7*2(x3 + x – 7Z%= 3

=QV%



1#6E/#$0'6%J0I0-0#/%

1#6E/#$0'6%a%0-%70I0-0A6*%AE%D#6E/#$0'6%b%N0()%
"*$'0/7*"%0:%()*"*%'"*%D#6E/#$0'6-%q%'/7)r)-4,)%
()'(T%

%

N)*"*%q "*D"*-*/(-%()*%n4#+*/(%#:%a ÷ b>%
%%

=B?%

a = bq+ r ! deg(r) < deg(b)



1#6E/#$0'6%J0I0-0#/%KH'$D6*%

•! 1"#,*74"*%0-%\4-(%60O*%("'70+#/'6%6#/2%70I0-0#/T%

=B=%

3x2 +2x �2
x � 2 3x3 �4x2 �6x+10

3x3 �6x2
2x2 �6x
2x2 �4x

�2x+10
�2x +4

6



5(*I0/c-%@A-*"I'+#/%

?0)!"#-&'+93)'0)-0$)/-3!'0)(!0)%$)!.."'$/)'0)
!0-+9$&)*'3'"!&)/-3!'0 >%
%
•! M)0-%0-%#/*%#:%()*%,#"*%D"0/,0D6*-%#:%2*/*"0,%

D"#2"'$$0/2>%

•! R/%D'"+,46'"C%5(*I0/%"*'60h*7%()'(%K4,607c-%.3J%
'62#"0()$%N#467%N#"O%:#"%D#6E/#$0'6->%

=B9%



.3J%:#"%1#6E/#$0'6-!

=B;%

polynomial<real> gcd (polynomial<real> a, 
                     polynomial<real> b) { 
    while (b != polynomial<real>(0)) { 
        a = remainder(a, b); 
        std ::swap(a, b); 
    } 
    return a; 
} 



k#N%J#%b*%t/#N%1#6E/#$0'6%.3J%
G62#"0()$%b#"O-j%

=>! &4-(%-)#N%0(%(*"$0/'(*->%
–! 0>*>%,#$D4(*-%.3J%#:%D#6E/#$0'6%0/%]/0(*%/4$A*"%#:%

-(*D-%
–! 50/,*%0(%D*":#"$-%D#6E/#$0'6%"*$'0/7*"C%N*%O/#N%AE%

7*]/0+#/%#:%7*2"**%()'(%
deg(r) < deg(b)

–! 5#%7*2"**%0-%"*74,*7%'(%*I*"E%-(*D>%%50/,*%7*2"**%0-%'%
/#/Y/*2'+I*%0/(*2*"C%-*n4*/,*%0-%]/0(*>%

9>! &4-(%-)#N%0(%,#$D4(*-%7*-0"*7%:4/,+#/>%
–! z-*%-'$*%6#20,%:"#$%3)'D(*"%Q>%

=BQ%



!4"()*"%.*/*"'60h'+#/-%

•! b*cI*%*H(*/7*7%K4,607c-%'62#"0()$%:"#$%60/*%
-*2$*/(-%(#%0/(*2*"-%(#%D#6E/#$0'6-%(#%
,#$D6*H%/4$A*"->%

•! 3'/%N*%2#%:4"()*"j%
–!M#%]/7%#4(C%N*%/**7%(#%I0-0(%()*%,*/(*"%#:%

$'()*$'+,'6%0//#I'+#/%0/%()*%=g() %'/7%=V() %
,*/(4"0*-m%

=BB%



.#67*/%G2*%#:%.*"$'/%346(4"*%
W=g() %'/7%=V() %,*/(4"0*-Z%

•! &4-0,%
–![',)C%k•/7*6 C%k'E7/C%&#h'"(C%[**()#I*/C%

5,)4A*"(C%5,)4$'//C%["')$-C%b'2/*"C%&')6*"C%
L0,)'"7%5("'4--%%

•! S0(*"'(4"*%
–!.#*()*C%5,)066*"%

•! 1)06#-#D)E%
–!S*0A/0hC%t'/(C%k*2*6C%5,)#D*/)'4*"C%&'"HC%

^0*(h-,)*%%

=BX%



.#67*/%G2*%#:%()*%.*"$'/%1"#:*--#"%

•! 3#$$0($*/(%(#%()*%("4()%
•! 5,0*/+-(%'-%'%D"#:*--0#/'6%,0I06%-*"I'/(%
•! 3#66*20'6%-D0"0(C%)*6D0/2%#()*"%,#66*'24*-%
•! 1"#:*--#"Y-(47*/(%A#/7%
•! 3#/+/40(E%#:%"*-*'",)%

J'&)3K**$0)8'**$0)L)8'&)8$&/$0)8'**$0M))
%%%%%%%%%%%%b*%$4-(%O/#N%€%N*%N066%O/#Ns%

=Bf%



.#67*/%G2*%#:%()*%
z/0I*"-0(E%#:%.•‚/2*/ %

•! &'()*$'+,-T%
–! .'4--%

–!L0*$'//%
–!J0"0,)6*(%

–!J*7*O0/7%
–! t6*0/%

–!k06A*"(%
–!&0/O#N-O0%

–!3#4"'/(%

–!^#*()*" %

•! 1)E-0,-T%
–!&'H%[#"/%

–!k*0-*/A*"2%
–!@DD*/)*0$*"%WI0-0(*7Z%

=Bg%



3'"6%!"0*7"0,)%.'4--%W=fffY=gBBZ%

•! 3)067%D"#702E%
•! G(%9QC%N"#(*%:#4/7'+#/'6%

/4$A*"%()*#"E%("*'+-*C%
I'*>,'*'1-0$* )?&'+93$1(!$)

•! 3#/("0A4+#/-%(#%
$'()*$'+,-C%D)E-0,-C%
'-("#/#$EC%'/7%-('+-+,-%

•! t/#N/%'-%`1"0/,*%#:%
&'()*$'+,0'/-a%

=BV%



3#$D6*H%^4$A*"-%

•! R$'20/'"E%/4$A*"-%Wxi%N)*"*%i2 = –1Z%4-*7%
-0/,*%()*%=X()%,*/(4"EC%A4(%/*I*"%4/7*"-(##7>%

•! R/%=g;=%.'4--%"*'60h*7%()'(%/4$A*"-%#:%:#"$%)
)) ) ) ) ) ) )z = x + yi #
,#467%A*%I0*N*7%'-%D#0/(-%(x,y) #/%3'"(*-0'/%
D6'/*>%

•! M)*-*%,#$D6*H%/4$A*"-%N*"*%'-%I'607%'-%'/E%
#()*"%(ED*%#:%/4$A*">%

=X?%



3#$D6*H%^4$A*"%J*]/0+#/-%

•! GA-#64(*%I'64*%#:%z%0-%6*/2()%#:%I*,(#"%z%#/%,#$D6*H%D6'/*>%

•! G"24$*/(%0-%'/26*%A*(N**/%"*'6%'H0-%'/7%I*,(#"%z>%
•! KH'$D6*T%%|i| = 1 %%'/7%%%arg(i) = 90C,

=X=%

complex number: z = x + yi
complex conjugate: z = x � yi
real part: Re(z) = 1

2 (z + z) = x
imaginary part: Im(z) = 1

2i (z � z) = y
norm: �z� = zz = x2 + y2

absolute value: |z| =
�

�z� =
�
x2 + y2

argument: arg(z) = φ such that
0 � φ < 2π and z

|z| = cos(φ) + i sin(φ)



G"0()$*+,%:#"%3#$D6*H%^4$A*"-%

•! &46+D60,'+#/%,'/%'6-#%A*%7#/*%AE%'770/2%'"24$*/(-%
'/7%$46+D6E0/2%'A-#64(*%I'64*->%
–!KH'$D6*T%%M#%]/7%√iC%N*%O/#N%0(%N066%)'I*%'/%'A-#64(*%

I'64*%#:%=%'/7%'/%'"24$*/(%#:%QBC,%
W-0/,*%=%y%=%o%=%'/7%QB%e%QB%o%V?C,Z%

=X9%

addition: �]1 + �]2 = ( �[1 + �[2) + ( �\1 + �\2)�L
subtraction: �]1 ! �]2 = ( �[1 ! �[2) + ( �\1 ! �\2)�L
multiplication: �]1�]2 = ( �[1�[2 ! �\1�\2) + ( �[2�\1 + �[1�\2)�L
reciprocal: 1

�] = �]
��]� = �[

�[2+�\2 ! �\
�[2+�\2 �L



.'4--0'/%R/(*2*"-%

N-3."$<)0,3%$&*)8'+9)'0+$#$&)(-$O('$0+*)
%
R/(*"*-+/2%D"#D*"+*-T%

•! .'4--0'/%0/(*2*"%9%0-%/#(%D"0$*C%-0/,*%0(%0-%()*%
D"#74,(%#:%(N#%#()*"%.'4--0'/%0/(*2*"-C%1+i '/7%1–i

•! b*%,'/c(%7#%:466%70I0-0#/C%A4(%N*%,'/%7#%70I0-0#/%N0()%
"*$'0/7*">%

=X;%



L*$'0/7*"%#:%z1%'/7%z2

=>! 3#/-("4,(%'%2"07%#/%()*%
,#$D6*H%D6'/*%2*/*"'(*7%
AE%z2, iz2, -iz2 '/7%–z2%

9>! !0/7%'%-n4'"*%0/%()*%2"07%
,#/('0/0/2%z1%

;>! !0/7%'%I*"(*H%w%#:%()*%
-n4'"*%,6#-*-(%(#%z1%

Q>! %z1 – w 0-%()*%"*$'0/7*">%

z2#

z1#

w#

&iz2#

iz2#

&z2#

=XQ%



.3J%:#"%.'4--0'/%R/(*2*"-!

=XB%

complex<integer> gcd (complex<integer> a, 
                     complex<integer> b) { 
    while (b != complex<integer>(0)) { 
        a = remainder(a, b); 
        std ::swap(a, b); 
    } 
    return a; 
} 



J0"0,)6*(c-%KH(*/-0#/-%

•! 1*(*"%.4-('I%S*\*4/*YJ0"0,)6*(%W'/#()*"%.•‚/2*/ %
D"#:*--#"Z%"*'60h*7%()'(%.'4--c-%,#$D6*H%/4$A*"-%
%
N*"*%'%-D*,0'6%,'-*%#:%

•! .3J%N#"O-%N)*/%a = 1C%A4(%:'06-%N)*/%a = 5C%-0/,*%
-#$*%/4$A*"-%/#%6#/2*"%)'I*%4/0n4*%:',(#"0h'+#/C%
*>2>%

=XX%

�W+ �Q
√
−1

t+ n
√
−a

21 = 3 · 7 = (1+ 2
√
−5) · (1− 2

√
−5)



L*-46(%'A#4(%K4,607c-%.3J%G62#"0()$%

P5)Q,("'/R*)!"#-&'+93)8-&:*)'0)!)($&+!'0)/-3!'0S)
+9$0)!"")0-0=$&-)$"$3$0+*)-5)+9$)/-3!'0)

9!4$)!),0'>,$)5!(+-&'=!1-0@)

=Xf%



J*7*O0/7c-%3#/("0A4+#/-%

•! J0"0,)6*(c-%N#"O%N'-%N"0P*/%4D%AE%)0-%-(47*/(%
L0,)'"7%J*7*O0/7C%0/%'%A##O%,'66*7%T-&"$*,0#$0)K%$&)
U!9"$0+9$-&'$%W`S*,(4"*-%#/%^4$A*"%M)*#"EaZ>%

•! J*7*O0/7%D4A60-)*7%()*%A##O%4/7*"%J0"0,)6*(c-%/'$*C%
*I*/%()#42)%J*7*O0/7%'77*7%)0-%#N/%"*-46(->%

=Xg%



J*7*O0/7c-%.*/*"'60h'+#/%

[#()%.'4--0'/%0/(*2*"-%'/7%J0"0,)6*(c-%*H(*/-0#/-%
'"*%-D*,0'6%,'-*-%#:%!"#$%&!'()'0+$#$&*T%
•! 60/*'"%0/(*2"'6%,#$A0/'+#/-%#:%"##(-%#:%

3-0'( ).-"20-3'!"*)

=XV%

x�� + �� �J�H�Q�H�U�D�W�H�V���*�D�X�V�V�L�D�Q���L�Q�W�H�J�H�U�Va + b
!

" ��
x�� " � � � J� H� Q� H� U� D� W� H� VEisenstein integers a + b ! ��+ i

"
��

��
x�� + � � � J� H� Q� H� U� D� W� H� V� �� L� Q� W� H� J� H� U� Va + b

!
" ��



M)0/2-%(#%3#/-07*")

%

`m()*%N)#6*%-("4,(4"*%#:%/4$A*"%()*#"E%"*-(-%#/%'%
-0/26*%:#4/7'+#/C%/'$*6E%()*%'62#"0()$%:#"%]/70/2%()*%
2"*'(*-(%,#$$#/%70I0-#"%#:%(N#%/4$A*"->%%

G66%()*%-4A-*n4*/(%()*#"*$-%m%'"*%-+66%#/6E%-0$D6*%
,#/-*n4*/,*-%#:%()*%"*-46(%#:%()0-%0/0+'6%
0/I*-+2'+#/ma%

8%J*7*O0/7C%V$(+,&$*)-0)A,3%$&)C9$-&2)

%
=f?%



S*,(4"*%=Q%

&#"*%G62*A"'0,%5("4,(4"*-%
W3#I*"-%$'(*"0'6%:"#$%5*,>%g>;Yg>VZ%



.*/*"'60h0/2%L*n40"*$*/(-%
:#"%K4,607c-%G62#"0()$%

•! b*%O**D%]/70/2%$#"*%'/7%$#"*%(ED*-%N)*"*%%
N*%,'/%4-*%K4,607c-%'62#"0()$>%

•! 3'/%N*%,)'"',(*"0h*%()*%$#-(%2*/*"'6%(ED*%:#"%
N)0,)%()*%'62#"0()$%-+66%N#"O-j%

=f9%



K$$E%̂#*()*" %W=gg9Y=V;BZ%

•! @/*%#:%()*%2"*'(*-(%
$'()*$'+,0'/-%#:%()*%9?() %
,*/(4"E%

•! G%N#/7*":46%$*/(#"%(#%$'/E%
-(47*/(-%

•! M'42)(%,#4"-*-%'(%.•‚/2*/ C%
A4(%#"020/'66E%8%-0/,*%-)*%N'-%'%
N#$'/%8%4/7*"%k06A*"(c-%/'$*%

•! !6*7%^'h0%.*"$'/EC%A4(%/#%
$'\#"%z>5>%4/0I*"-0(E%)0"*7%)*"%

=f;%



^#*()*"c- %R/-02)(%

P+)'*).-**'%"$)+-)/$&'4$)&$*,"+*)!%-,+)($&+!'0)
:'0/*)-5)3!+9$3!1(!")$011$*)8'+9-,+)
:0-8'0#)!02+9'0#)!%-,+)+9$)$011$*)
+9$3*$"4$*@)
)

^#*()*" %('42)(%$'()*$'+,0'/-%(#%'6N'E-%
6##O%:#"%()*%$#-(%2*/*"'6%-*‚/2%#:%'/E%
()*#"*$>%
%

=fQ%



^#*()*" %'/7%.*/*"0,%1"#2"'$$0/2%

•! R/%D"#2"'$$0/2%(*"$-C%^#*()*"c- %0/-02)(%-'E-%()'(%
N*%,'/%N"0(*%'62#"0()$-%'/7%7'('%-("4,(4"*-%0/%(*"$-%
#:%,#/,*D(-C%N0()#4(%,'"0/2%N)'(%(ED*-%N066%A*%4-*7>%

•! M)*%2*/*"0,%D"#2"'$$0/2%'DD"#',)%0-%'%70"*,(%"*-46(%
#:%)*"%N#"O>%

=fB%



W-/$&0)?"#$%&!)

•! G%A##O%N"0P*/%AE%^#*()*"c- %70-,0D6*%['"(*6 %I'/%7*"%
b'*"7*/ C%A'-*7%#/%W'/7%,"*70+/2Z%)*"%6*,(4"*->%

•! J*-,"0A*7%̂#*()*"c- %'A-("',(%'DD"#',)>%
•! L*I#64+#/0h*7%()*%N'E%$#7*"/%$'()%0-%-(470*7%'/7%

D"*-*/(*7>%

=fX%



L0/2-%
G%&'0#)0-%'%-*(%#/%N)0,)%()*%:#66#N0/2%'"*%7*]/*7T%
•! @D*"'+#/-T % %x + yC%8x, xy
•! 3#/-('/(-T % % %0R, 1R)
%
'/7%:#"%N)0,)%()*%:#66#N0/2%'H0#$-%)#67T%

x + (y + z) = (x + y) + z#
x + 0 = 0 + x = x#

x + –x = –x + x = 0�
x + y = y + x#
x(yz) = (xy)z

1 ≠ 0�
1x = x1 = x 0x = x0 = 0

x(y + z) = xy + xz (y + z)x = yx + zx) =ff%



L0/2-%G"*%'/%GA-("',+#/%#:%R/(*2*"-%

M)*E%)'I*%#D*"'(#"-%()'(%!(+%60O*%'770+#/%'/7%
$46+D60,'+#/T%
•! `'770+#/a%#D*"'(#"%0-%,#$$4('+I*%
•! `$46+D60,'+#/a%70-("0A4(*-%#I*"%'770+#/%
•! `'770+#/a%$4-(%)'I*%'/%0/I*"-*C%A4(%

`$46+D60,'+#/a%7#*-%/#(%

=fg%



@()*"%L0/2-%[*-07*-%R/(*2*"-%

•! n $%n $'("0,*-%N0()%"*'6%,#*i,0*/(-%
•! .'4--0'/%0/(*2*"-%
•! 1#6E/#$0'6-%N0()%0/(*2*"%,#*i,0*/(-%
•! m%

=fV%



3#$$4('+I0(E %#:%L0/2-%

•! b*%-'E%()'(%'%"0/2%0-%,#$$4('+I*%0:%
xy = yx 

•! ^#/,#$$4('+I* %"0/2-%,#$*%:"#$%60/*'"%'62*A"'%
WN)*"*%$'("0H%$46+D60,'+#/%7#*-%/#(%,#$$4(*Z%

•! 1#6E/#$0'6%"0/2-%'/7%"0/2-%#:%'62*A"'0,%0/(*2*"-%7#%
,#$$4(*%

•! MN#%A"'/,)*-%#:%'A-("',(%'62*A"'C%,#$$4('+I*%
'62*A"'%'/7%/#/,#$$4('+I* %'62*A"'C%7*D*/70/2%#/%
(ED*%#:%"0/2%

=g?%



R/I*"+A060(E%

G/%*6*$*/(%x%#:%'%"0/2%0-%,'66*7%'04$&1%"$%0:%()*"*%0-%'/%
*6*$*/(%x–1 -4,)%()'(%

xx–1 = x–1x = 1

G/%0/I*"+A6*%*6*$*/(%#:%'%"0/2%0-%,'66*7%'%,0'+%#:%()'(%
"0/2>%

•! KI*"E%"0/2%,#/('0/-%'(%6*'-(%#/*%0/I*"+A6*%*6*$*/(%W=Z>%
•! M)*"*%$'E%A*%$#"*%()'/%#/*%0/I*"+A6*%*6*$*/(>%

–!R/%"0/2%#:%0/(*2*"-C%A#()%=%'/7%8=%'"*%0/I*"+A6*%

=g=%



z/0(-%G"*%36#-*7%z/7*"%&46+D60,'+#/%
0>*>%'%D"#74,(%#:%4/0(-%0-%'%4/0(%

1"##:T%%54DD#-*%a%0-%'%4/0(%'/7%b%0-%'%4/0(>%
•! M)*/%WAE%7*]/0+#/%#:%4/0(-Z%aa–1 = 1 '/7  bb–1 = 1.
•! 5#T%%

1 = aa–1 = aCÙ1CÙa–1 = a(bb–1)a–1 = (ab)(b–1a–1)%
•! 50$06'"6EC%a–1a = 1 '/7 )b–1b = 1, -#T%

1 = b–1b = b–1 CÙ1CÙb = b–1(a–1a)b = (b–1a–1)(ab)%
•! b*%/#N%)'I*%'%(*"$%()'(C%N)*/%$46+D60*7%AE%ab%:"#$%

*0()*"%-07*C%20I*-%=>%%%
•! M)'(%(*"$%0-%()*%0/I*"-*%#:%abT%%%

(ab)–1 = b–1a–1%
•! 5#%ab%0-%'%4/0(>%

=g9%



w*"#%J0I0-#"%

G/%*6*$*/(%x%#:%'%"0/2%0-%,'66*7%'%=$&-)/'4'*-&)0:T%
=>! %x ≠ 0
9>! %M)*"*%*H0-(-%'%y ≠ 0,  xy = 0.

KH'$D6*T%
•! R/%()*%"0/2%#:%"*$'0/7*"-%$#746#%XC%

9%'/7%;%'"*%h*"#%70I0-#"->%

=g;%



R/(*2"'6%J#$'0/%

G%,#$$4('+I*%"0/2%0-%,'66*7%'/%'0+$#&!")/-3!'0)
0:%0(%)'-%/#%h*"#%70I0-#"->%
%
KH'$D6*-T%

•! R/(*2*"-%
•! .'4--0'/%0/(*2*"-%
•! 1#6E/#$0'6-%#I*"%0/(*2*"-%

•! L'+#/'6%:4/,+#/-%#I*"%0/(*2*"-C%-4,)%'-%

=gQ%

x2 + 1
x3 − 2



&'("0H%&46+D60,'+#/%'/7%5*$0"0/2-%

•! K'"60*"%N*%-'N%)#N%(#%4-*%#4"%D#N*"%
'62#"0()$%N0()%$'("0H%$46+D60,'+#/%(#%,"*'(*%
'/%@W6#2%/Z%!0A#/',,0%:4/,+#/>%

•! ^#N%N*c"*%2#0/2%(#%-**%)#N%(#%2*/*"'60h*%()0-%
07*'%:4"()*">%

!0"-(C%'%n40,O%"*I0*N%#:%60/*'"%'62*A"'m%

=gB%



R//*"%1"#74,(%#:%MN#%<*,(#"-%

•! 54$%#:%()*%D"#74,(-%#:%'66%()*%,#""*-D#/70/2%*6*$*/(-%
•! G6N'E-%'%-,'6'"%W'%-0/26*%/4$A*"Z%

=gX%

x⃗ · y⃗ =
n∑

i=1
xiyi



&'("0HY<*,(#"%1"#74,(%

•! &46+D6E0/2%'/%n × m $'("0H%N0()%'/%mY6*/2()%I*,(#"%
"*-46(-%0/%'/%nY6*/2()%I*,(#"%

•! M)*%i() %*6*$*/(%#:%()*%"*-46(%0-%()*%0//*"%D"#74,(%#:%
()*%i() %"#N%#:%()*%$'("0H%N0()%()*%#"020/'6%I*,(#"%

=gf%

�w =
�
xij

�
�v

wi =
n�

j=1
xijvj



&'("0HY&'("0H%1"#74,(%

•! R/%()*%$'("0H%D"#74,(%G[%o%3C%0:%G%0-%'%k × m $'("0H%
'/7%[%0-%'%m × n $'("0HC%()*/%3%N066%A*%' k × n $'("0H>%

•! M)*%*6*$*/(%0/%"#N i '/7%,#64$/%j%#:%3%0-%()*%0//*"%
D"#74,(%#:%()*%i() %"#N%#:%G%'/7%()*%j() %,#64$/%#:%[>%%

•! &'("0H%$46+D60,'+#/%0-%/#(%,#$$4('+I*%
–!M)*"*%0-%/#%24'"'/(**%()'(%G[%o%[G%
–!@_*/%#/6E%#/*%#:%()*%(N#%D"#74,(-%0-%N*66Y7*]/*7%

=gg%

�
zij

�
=

�
xij

� �
yij

�

zij =
n�

k= ��

xikykj



.*/*"'60h0/2%&'("0H%&46+D60,'+#/%

^#"$'66E%()0/O%#:%'-%D"#74,(%#:%-4$-C%A4(%"*'66E%\4-(%
/**7%(N#%#D*"'+#/-%()'(%A*)'I*%'%,*"('0/%N'ET%

•! `D64-Y60O*a%#D*"'+#/%C©%
–! '--#,0'+I*%'/7%,#$$4('+I*%

•! `+$*-Y60O*a%#D*"'+#/%C«%
–! '--#,0'+I*%%
–!70-("0A4(*-%#I*"%()*%]"-(%#D*"'+#/T%

=gV%

a � (b � c) = a � b � a � c
(b � c) � a = b � a � c � a



L0/2-%G"*%&#"*%M)'/%b*%^**7%

•! L0/2-%-'+-:E%()*%"*n40"*$*/(-%
–!M)*E%)'I*%D64-Y60O*%'/7%+$*-Y60O*%#D*"'(#"-%

N)*"*%#/*%70-("0A4(*-%#I*"%()*%#()*"%

•! [4(%()*E%'6-#%)'I*%()0/2-%N*%7#/c(%/**7%
–!G770+I*%0/I*"-*%

=V?%



5*$0"0/2T%G%L0/2%N0()#4(%&0/4-%

G%*$3'&'0#)0-%'%-*(%#/%N)0,)%()*%:#66#N0/2%'"*%7*]/*7T%
•! @D*"'+#/-T % %x + yC xy
•! 3#/-('/(-T % % %0R, 1R)
%
'/7%:#"%N)0,)%()*%:#66#N0/2%'H0#$-%)#67T%

x + (y + z) = (x + y) + z#
x + 0 = 0 + x = x#

x + y = y + x#
x(yz) = (xy)z

1 ≠ 0�
1x = x1 = x 0x = x0 = 0

x(y + z) = xy + xz (y + z)x = yx + zx) =V=%



3'/#/0,'6%5*$0"0/2T%%^'(4"'6%^4$A*"-%

•! ^'(4"'6%/4$A*"-%7#%/#(%)'I*%'770+I*%0/I*"-*-%
•! &'("0H%$46+D60,'+#/%#/%$'("0,*-%N0()%/'(4"'6%

/4$A*"%,#*i,0*/(-%$'O*-%D*":*,(%-*/-*%

=V9%



5'$D6*%."'D)%1"#A6*$T%
5#,0'6%^*(N#"O%

•! R:%E#4c"*%:"0*/7-%N0()%ƒC%
ƒ%0-%:"0*/7-%N0()%E#4%

•! &'()*$'+,'66EC%/*(N#"O%
0-%'/%4/70"*,(*7%2"'D)%

•! L*D"*-*/(%'-%'%
,#//*,+I0(E%$'("0H%

=V;%

Ari Bev Cal Don Eva Fay Gia

Ari 1 1 0 1 0 0 0

Bev 1 1 0 0 0 1 0

Cal 0 0 1 1 0 0 0

Don 1 0 1 1 0 1 0

Eva 0 0 0 0 1 0 1

Fay 0 1 0 1 0 1 0

Gia 0 0 0 0 1 0 1

b*c7%60O*%(#%]/7%'66%()*%D*#D6*%E#4c"*%,#//*,(*7%N0()%
W:"0*/7-C%:"0*/7-%#:%:"0*/7-C%*(,>Z%
%



5#64+#/T%%M"'/-0+I*%36#-4"*%

•! !0/70/2%'66%D'()-%0/%'%2"'D)%0-%,'66*7%+&!0*'14$)("-*,&$>%
•! z-*%$'("0H%$46+D60,'+#/%'62#"0()$C%A4(%"*D6',*T%

–!`164-a%#D*"'(#"%C©%N0()%[##6*'/%@L%WCÕZ%

–!`M0$*-a%#D*"'(#"%C«%N0()%[##6*'/%G^J%WCÔZ%
•! M)0-%0-%'%X--"$!0 %uCÕC%CÔvY*$3'&'0#)
•! `&46+D6E0/2a%,#//*,+I0(E%$'("0H%N0()%0(-*6:%20I*-%4-%

:"0*/7-%#:%E#4"%:"0*/7-%
•! L*D*'+/2%n–1%+$*-%20I*-%*I*"E#/*%0/%E#4"%/*(N#"O%

•! 0>*>%L'0-*%$'("0H%(#%n–1 D#N*"%
z5R^.%@zL%1@bKL%GS.@LRMk&s%

=VQ%



5)#"(*-(%1'()%0/%'%J0"*,(*7%."'D)%

b)'(c-%()*%-)#"(*-(%D'()%A*(N**/%'/E%D'0"%#:%/#7*-%0/%
()*%2"'D)j%

=VB%

A"
B"

D"

C"

F"

E"

G"

3"

8"

4"5"

3"

2"

6"

10"
7"

6"

9"

7"



&'("0H%:#"%5)#"(*-(%1'()%1"#A6*$%

•! &'("0H%aij%-)#N-%70-('/,*%
:"#$%/#7*%i%(#%/#7*%j%%

•! R:%/#%*72*%A*(N**/%
/#7*-C%70-('/,*%0-%0/]/0(*%

=VX%

� $ � % � & � ' � ( � ) � *

�$ �� �� ! �� ! ! !

�% ! �� ! ! �� ���� !

�& �� ! �� ! ! ! !

�' ! ! �� �� ! �� !

�( ! ! ! ! �� ! ��

�) ! ! �� ! �� �� ��

�* ! �� ! ! ! ! ��



5#64+#/T%%C&-.'(!"%#"%u$0/C%ev%5*$0"0/2%

•! z-*%$'("0H%$46+D60,'+#/%'62#"0()$C%A4(%"*D6',*T%
–!`164-a%#D*"'(#"%C©%N0()%$0/%
–!`M0$*-a%#D*"'(#"%C«%N0()%e%

•! 0>*>%()*%"*-46+/2%$'("0H%0-%,#$D4(*7%AE%()*%:#"$46'T%)

•! L'0-*%$'("0H%(#%n–1 D#N*"%(#%2*(%-)#"(*-(%D'()%#:%'/E%
6*/2()%4D%(#%n–1 -(*D-%
z5R^.%@zL%1@bKL%GS.@LRMk&%G.GR^%

=Vf%

�E�L�M=
�Q

min
�N=1

(�D�L�N+ �D�N�M)



^#*()*" %G/-N*"-%()*%p4*-+#/%

•! b)'(%'"*%()*%$#-(%2*/*"'6%$'()*$'+,'6%
*/++*-%()'(%K4,607c-%.3J%'62#"0()$%N#"O-%#/%
W()*%/-3!'0 %#"%*$Y0#%:#"%()*%'62#"0()$Zj%

•! K4,607*'/%J#$'0/%W'O'%K4,607*'/%L0/2Z%

=Vg%



K4,607*'/%J#$'0/%

E%0-%'%Q,("'/$!0)/-3!'0) 0:T%
•! E%0-%'/%0/(*2"'6%7#$'0/%
•! E%)'-%#D*"'+#/-%n4#+*/(%'/7%"*$'0/7*"%-4,)%()'(%

b ≠ 0    ⟹    a = quotient(a, b) CÙb + remainder(a, b)
•! E%)'-%/#/Y/*2'+I*%/#"$%

-'+-:E0/2%

=VV%

∥�[∥ : �( → N

�a� = 0 �� a = 0
b �= 0 =� �ab� � �a�
�remainder(a, b)� < �b�



^#"$%0/%K4,607*'/%J#$'0/%

•! `^#"$a%0/%()*%7*]/0+#/%0-%'%$*'-4"*%#:%$'2/0(47*C%
A4(%0(c-%/#(%()*%K4,607*'/%/#"$%W6*/2()%#:%'%I*,(#"Z%
:"#$%60/*'"%'62*A"'>%

•! KH'$D6*-T%

–!R/(*2*"-T%%^#"$%0-%()*%'A-#64(*%I'64*%
–!1#6E/#$0'6-T%%^#"$%0-%()*%7*2"**%#:%()*%D#6E/#$0'6%
–!.'4--0'/%R/(*2*"-T%%M)*%,#$D6*H%/#"$%

•! b)*/%E#4%,#$D4(*%"*$'0/7*"C%/#"$%7*,"*'-*-%'/7%
*I*/(4'66E%2#*-%(#%h*"#>%

9??%



&#-(%.*/*"0,%.3J!

9?=%

template < EuclideanDomain  E> 
E gcd (E a, E b) { 
    while (b != E(0)) { 
        a = remainder(a, b); 
        std ::swap(a, b); 
    } 
    return  a; 
}  

C-)3!:$)*-3$+9'0#)#$0$&'(S)2-,)/-0R+)!//)
$<+&!)3$(9!0'*3*@)Z!+9$&S)2-,)&$3-4$)(-0*+&!'0+*)
!0/)*+&'.)/-80)+9$)!"#-&'+93)+-)'+*)$**$01!"*@)



!0*67-%

G/%0/(*2"'6%7#$'0/%N)*"*%*I*"E%/#/h*"#%
*6*$*/(%0-%0/I*"+A6*%0-%,'66*7%'%;$"/ >%
%

L'+#/'6%/4$A*"-%'"*%()*%,'/#/0,'6%*H'$D6*%#:%]*67->%%
@()*"%*H'$D6*-%'"*T%

•! L*'6%/4$A*"-%
•! 1"0$*%"*$'0/7*"%]*67-%
•! 3#$D6*H%/4$A*"-%

9?9%



&#"*%GA#4(%!0*67-%

•! G%D"0$*%]*67%0-%'%]*67%()'(%7#*-%/#(%)'I*%'%
D"#D*"%-4A]*67>%

•! KI*"E%]*67%)'-%#/*%#:%(N#%O0/7-%#:%D"0$*%
-4A]*67-C%"'+#/'6%/4$A*"-%p%#"%D"0$*%
"*$'0/7*"%]*67-%wD>%

•! M)*%,)'"',(*"0-+,%#:%'%]*67%0-%D%0:%0(-%D"0$*%
-4A]*67%0-%wD%'/7%?%0:%0(-%D"0$*%-4A]*67%0-%p>%

9?;%



KH(*/70/2%!0*67-%

•! G62*A"'0,'66ET%%G77%'/%*H("'%*6*$*/(%()'(%0-%
()*%"##(%#:%'%D#6E/#$0'6>%
–!*>2>%KH(*/7%"'+#/'6%/4$A*"-%N0()%√2 �

W()*%"##(%#:%x2 – 2Z%

•! M#D#6#20,'66ET%%`!066%0/%()*%)#6*->a%
–!*>2>%L'+#/'6%/4$A*"-%6*'I*%2'D-%0/%()*%/4$A*"%

60/*C%A4(%"*'6%/4$A*"-%)'I*%/#%2'D-C%-#%()*%]*67%
#:%"*'6%/4$A*"-%0-%'%(#D#6#20,'6%*H(*/-0#/%#:%()*%
]*67%#:%"'+#/'6%/4$A*"->%

9?Q%



&#746*-%'/7%<*,(#"%5D',*-%

•! 5("4,(4"*-%7*]/*7%0/%(*"$-%#:%$#"*%()'/%#/*%-*(>%
•! W-/,"$ T%

–!1"0$'"E%-*(T% %'770+I*%2"#4D%G
–!5*,#/7'"E%-*(T%"0/2%#:%,#*i,0*/(-%R
–!G770+#/'6%#D*"'+#/T%%%%%R × G ⟶ G     ()'(%#A*E-%'H0#$-T%

•! T$(+-&)6.!($T%%G%$#746*%N)#-*%"0/2%0-%'6-#%'%]*67>%

9?B%

a, b � R � x, y � G :

(a + b)x = ax + bx
a(x + y) = ax + ay



5*,#/7%L*,'D%#:%G62*A"'0,%5("4,(4"*-%

9?X%

!"##$%&'()*
+$,'-,./&'"0*

1.2%3.4$'()*

5"*6)3"*
1.(.2"32*

788.'()*
90()32)*

+$,'-,./&'()*
90()32)*

:.0;*

!"##$%&'()*
:.0;*

90%);3&,*
1"#&.0*

<.),8*

=)#.3.0; *

788.'()*
+"0".8 *

+$,'-,./&'()*
+"0".8 *



M)0/2-%(#%3#/-07*"%

•! G/%'/,0*/(%'62#"0()$%:#"%$46+D6E0/2%D#-0+I*%0/(*2*"-%
D"#I07*7%()*%(##6%N*%/**7%(#%-#6I*%$#7*"/%D"',+,'6%
D"#A6*$-%W-)#"(*-(%D'()C%-#,0'6%/*(N#"O-Z%*i,0*/(6E>%

•! b*cI*%2#/*%()"#42)%$'/E%6*I*6-%#:%2*/*"'60h'+#/%(#%
2*(%()*"*T%

–!b*%"*D6',*7%'770+#/%N0()%$46+D60,'+#/%(#%2*(%D#N*"%

–!b*%"*D6',*7%()*%)'"7,#7*7%#D*"'+#/%N0()%'/%'"24$*/(%
–!b*%N*/(%:"#$%0/(*2*"-%(#%$'("0,*-%

–!b*%2*/*"'60h*7%$'("0H%$46+D60,'+#/%(#%/*N%#D*"'+#/-%

9?f%



S*,(4"*%=B%

[40670/2%[6#,O-T%%1"##:-C%M)*#"*$-C%'/7%GH0#$-%
W3#I*"-%$'(*"0'6%:"#$%5*,>%V>=YV>QZ%



[40670/2%[6#,O-%#:%
&'()*$'+,'6%t/#N6*72*%

•! 1"##:-%
•! M)*#"*$-%
•! GH0#$-%

b)'(%*H',(6E%'"*%()*Ej%
k#N%7#%N*%4-*%()*$j%

9?V%



K'"6E%1"##:-%

•! &'()*$'+,'6%D"##:-%7'(*%A',O%'(%6*'-(%(#%
'/,0*/(%."**,*%

•! M)*%]"-(%D"##:-%N*"*%I0-4'6%
–!J0'2"'$%'-%D"##:%

–!S##O%'(%0(%(#%4/7*"-('/7%0(%

•! L*60*7%#/%#4"%0//'(*%-D'+'6%"*'-#/0/2%

9=?%



a + b = b + a

3#$$4('+I0(E %#:%G770+#/%

9==%

!"



G--#,0'+I0(E%#:%G770+#/%

(a + b) + c = a + (b + c)

%

9=9%

!"

!"



3#$$4('+I0(E %#:%&46+D60,'+#/%

ab = ba

9=;%

="



G--#,0'+I0(E%#:%&46+D60,'+#/%

(ab)c = a(bc)

9=Q%

!"

#"

$"



5n4'"0/2%'%54$%

(a + b)2 = a2 + 2ab + b2

9=B%

a"

b

a"

b



[#4/70/2%„%

% > 3 •! z/0(%)*H'2#/%W'66%-07*-%6*/2()%=Z%
0/-,"0A*7%0/%,0",6*%

•! M"0'/26*-%'"*%*n406'(*"'6C%-#%'66%
-07*-%'6-#%6*/2()%=%

•! 5#%70'$*(*"%#:%,0",6*%0-%9%
•! 1*"0$*(*"%#:%)*H'2#/%0-%X%
•! 1*"0$*(*"%#:%,0",6*%#AI0#4-6E%

2"*'(*"%()'/%#:%)*H'2#/%
•! 5#%"'+#%#:%D*"0$*(*"%#:%,0",6*%(#%

70'$*(*"%W9Z%2"*'(*"%()'/%"'+#%
#:%D*"0$*(*"%#:%)*H'2#/%WXZ%(#%
70'$*(*"%W9Z>%

9=X%



S0$0('+#/-%#:%<0-4'6%1"##:-%

•! ^#(%-4i,0*/(%(#%D"#I*%*I*"E%(ED*%#:%
D"#D#-0+#/%

•! ^#%6#/2*"%,#/-07*"*7%"02#"#4-%*/#42)%
%
&'/E%#()*"%D"##:%(*,)/0n4*-%'"*%'I'06'A6*>%

9=f%



b)'(%R-%'%1"##:j%

G%.&--5%#:%'%D"#D#-0+#/%0-T%
=>! G/%'"24$*/(%

9>! G,,*D(*7%AE%()*%$'()*$'+,'6%,#$$4/0(E%
;>! M#%*-('A60-)%()*%D"#D#-0+#/%'-%I'607>%

@A-*"I'+#/T%%…9%'A#I*%0-%#_*/%#I*"6##O*7>%

•! b)'(c-%,#/-07*"*7%'%I'607%D"##:%,)'/2*-%#I*"%+$*%
•! 1"##:%0-%:4/7'$*/('66E%'%-#,0'6%D"#,*--%%

9=g%



M)*#"*$-%

G%+9$-&$3%0-%'%D"#D#-0+#/%7*"0I'A6*%:"#$%#()*"%
D"#D#-0+#/->%
%
R7*'%#:%'%()*#"*$%0/I*/(*7%AE%()*%:#4/7*"%#:%
b*-(*"/%D)06#-#D)EC%M)'6*-%#:%&06*(4->%

9=V%



M)'6*-%#:%&06*(4-%
Wx#4"0-)*7%*'"6E%X() %,*/(4"E%[3Z%

•! !#4/7*"%#:%N)'(%'/,0*/(%
."**O-%,'66*7%D)06#-#D)EC%
A4(%N*%,'66%-,0*/,*%

•! S##O*7%:#"%/'(4"'6%
*HD6'/'+#/-%#:%"*'60(E%

•! 3#66*,(*7%$'()*$'+,'6%
O/#N6*72*%

•! 1"*70,(*7%-#6'"%*,60D-*C%'/7%
N*'()*"%D'P*"/-%W$'O0/2%
$#/*E%0/%D"#,*--Z%

99?%



M)'6*-c%M)*#"*$%

[-&)!02)+&'!0#"$)?XN)5-&3$/)%2)(-00$(10#)+9$)+8-)
$0/*)-5)!)('&("$R*)/'!3$+$&)\?NB)8'+9)!02)-+9$&).-'0+)X)
-0)+9$)('&("$S)C4?XN)o%V?C,%

%

99=%

!" #"

$"



1"##:%#:%M)'6*-c%M)*#"*$%W=Z%

!" #" $"

%"

•! 50/,*%I? %'/7%IX %'"*%A#()%"'700C%
()*E%'"*%*n4'6%'/7%("0'/26*%
?IX %0-%0-#,*6*-%

•! M)*%-'$*%0-%("4*%:#"%IX C%INC%
'/7%("0'/26*%XIN>%%M)*"*:#"*%

C4I?X)o)C4IX?)
C4INX)o%C4IXN)

C4I?X)e%C4INX)o%C4IX?)e)C4IXN%

999%



1"##:%#:%M)'6*-c%M)*#"*$%W9Z%

!" #" $"

%"

•! G/26*-%#:%("0'/26*%-4$%(#%=g?C,%'/7%
C4NX?%oC4IX? %eC4IXNC%-#%

C4I?X)e%C4INX)e%C4IX?)e)C4IXN)o%=g?C,%

99;%



1"##:%#:%M)'6*-c%M)*#"*$%W;Z%

A" D" C"

B"

•! 54A-+(4(*%4-0/2%#4"%D"*I0#4-%*n4'60(ET%

99Q%

C4I?X)e%C4INX)e%C4IX?)e)C4IXN)o%=g?C,%

WC4IX?)e%C4IXNZ%e%WC4IX?)e%C4IXNZ%o%=g?C,%
9%CÙ%WC4IX?)e%C4IXNZ%%o%=g?C,%

C4IX?)e%C4IXN%%o%%%V?C,%
C4NX?%%o%%%V?C,%

%%%

%



R$D#"('/,*%#:%M)'6*-c%J0-,#I*"E%

•! k*%-'N%()'(%0:%E#4%)'I*%#/*%D0*,*%#:%
O/#N6*72*C%E#4%,'/%4-*%0(%(#%]/7%'/#()*">%

•! M)*#"*$-%'"*%*--*/+'6%(#%'A-("',+#/C%-0/,*%
()*%I'64*%#:%'%()*#"*$%0-%()'(%0(%'DD60*-%(#%
!""%*/++*-%()'(%)'I*%,*"('0/%D"#D*"+*->%

99B%



GH0#$-%

•! 1"##:-%'/7%()*#"*$-%'"*%*--*/+'6%(##6-%:#"%
A40670/2%4D%$'()*$'+,'6%O/#N6*72*%

•! [4(%N*%/**7%'%-*(%#:%-('"+/2%'--4$D+#/-%'-%'%
:#4/7'+#/%

•! ?<'-3* %'"*%4/D"#I'A6*%'--4$D+#/-%#/%N)0,)%
()*%"*-(%#:%()*%-E-(*$%0-%A406(>%

%

99X%



GH0#$'+,%&*()#7%

•! M)*%!<'-3!1()3$+9-/) 0-%()*%D"#,*--%#:%
,#/-("4,+/2%'/%*/+"*%$'()*$'+,'6%-E-(*$%
-('"+/2%:"#$%'%:*N%:#"$'6%D"0/,0D6*->%

•! K4,607c-%Q"$3$0+*%N'-%()*%]"-(%*H'$D6*%#:%()*%
'H0#$'+,%$*()#7>%%k0-%,'66*7%)0-%A'-0,%
D"0/,0D6*-T%
–!J*]/0+#/-%
–!1#-(46'(*-%
–!3#$$#/%^#+#/-%

99f%



K4,607c-%9;%J*]/0+#/-%

=>! G%D#0/(%0-%()'(%N)0,)%)'-%/#%D'"(->%
9>! G%60/*%0-%'%A"*'7()6*-- %6*/2()>%

>%>%>%

9;>%1'"'66*6%-("'02)(%60/*-%'"*%-("'02)(%60/*-%N)0,)C%A*0/2%
%%0/%()*%-'$*%D6'/*%'/7%A*0/2%D"#74,*7%0/7*]/0(*6E%
%%0/%A#()%70"*,+#/-C%7#%/#(%$**(%#/*%'/#()*"%0/%%%
%%*0()*"%70"*,+#/->%

99g%



K4,607c-%3#$$#/%^#+#/-%

=>! M)0/2-%N)0,)%'"*%*n4'6%(#%()*%-'$*%()0/2%'"*%'6-#%
*n4'6%(#%#/*%'/#()*">%

9>! R:%*n4'6-%A*%'77*7%(#%*n4'6-C%()*%N)#6*%'"*%*n4'6>%

;>! R:%*n4'6-%A*%-4A("',(*7%:"#$%*n4'6-C%()*%"*$'0/7*"-%
'"*%*n4'6>%

Q>! M)0/2-%N)0,)%,#0/,07*%N0()%#/*%'/#()*"%'"*%*n4'6%
(#%#/*%'/#()*">%

B>! M)*%N)#6*%0-%2"*'(*"%()'/%()*%D'"(>%%

99V%



&#7*"/%L*-('(*$*/(%#:%3#$$#/%^#+#/-%

%
@A-*"I'+#/-T%
•! ^#(%60$0(*7%(#%2*#$*("E%
•! 5#$*%'"*%*--*/+'6%(#%D"#2"'$$0/2%

9;?%

���� �D= �F! �E= �F =" �D= �E

���� �D= �E! �F= �G =" �D+ �F= �E+ �G

���� �D= �E! �F= �G =" �D# �F= �E# �G

���� �D$= �E =" �D= �E

���� �D< �D+ �E



K4,607c-%1#-(46'(*-%

=>! M#%7"'N%'%-("'02)(%60/*%:"#$%'/E%D#0/(%(#%'/E%D#0/(>%

9>! M#%D"#74,*%'%]/0(*%-("'02)(%60/*%,#/+/4#4-6E%0/%'%-("'02)(%60/*>%

;>! M#%7*-,"0A*%'%,0",6*%N0()%'/E%,*/(*"%'/7%70-('/,*>%

Q>! M)'(%'66%"02)(%'/26*-%'"*%*n4'6%(#%#/*%'/#()*">%

B>! M)'(C%0:%'%-("'02)(%60/*%:'660/2%#/%(N#%-("'02)(%60/*-%$'O*%()*%
0/(*"0#"%'/26*-%#/%()*%-'$*%-07*%6*--%()'/%(N#%"02)(%'/26*-C%
()*%(N#%-("'02)(%60/*-C%0:%D"#74,*7%0/7*]/0(*6EC%$**(%#/%()'(%
-07*%#/%N)0,)%'"*%()*%'/26*-%6*--%()'/%()*%(N#%"02)(%'/26*->%

9;=%



R664-("'+#/%#:%K4,607c-%!0_)%1#-(46'(*%
W'O'%1'"'66*6%1#-(46'(*Z%

'5)!)*+&!'#9+)"'0$)5!""'0#)-0)+8-)*+&!'#9+)"'0$*)3!:$)+9$)'0+$&'-&)
!0#"$*)-0)+9$)*!3$)*'/$)"$**)+9!0)+8-)&'#9+)!0#"$*S)
+9$)+8-)*+&!'#9+)"'0$*S)'5).&-/,($/)'0/$;0'+$"2S)3$$+)-0)+9!+)*'/$)
-0)89'(9)!&$)+9$)!0#"$*)"$**)+9!0)+9$)+8-)&'#9+)!0#"$*@)

%

9;9%

! !

" !

!  + "  < 180¡!



K4,607c-%!0_)%1#-(46'(*T%
&'()*$'+,'66E%Kn40I'6*/(%<'"0'+#/-%

•! 16'E:'0"c-%GH0#$%W=fVBZT%
.0I*/%'%60/*%'/7%'%D#0/(%/#(%#/%0(C%'(%$#-(%#/*%D'"'66*6%
(#%()*%20I*/%60/*%,'/%A*%7"'N/%()"#42)%()*%D#0/(>%

•! M)*"*%*H0-(-%'%("0'/26*%N)#-*%'/26*-%'77%4D%(#%=g?†>%

•! M)*"*%*H0-(%(N#%-0$06'"%("0'/26*-%()'(%'"*%/#(%
,#/2"4*/(>%

9;;%



K4,607c-%!0_)%1#-(46'(*%
3'/%0(%A*%D"#I*7%:"#$%()*%#()*"-j%

5#$*%/#('A6*%'P*$D(-T%
•! 1(#6*$E%WV?Y=XgZ%
•! @$'"%t)'EE'$%W=?B?Y==B;Z%

•! .0#I'//0%.0"#6'$# %5',,)*"0 %W=XXfY=f;;Z%
–!R/%Q,("'/,* )T'0/'(!+,* )W`K4,607%<0/70,'(*7aZC%,#/-("4,(*7%

2*#$*("0,'6%-E-(*$%A'-*7%#/%'--4$D+#/%()'(%D#-(46'(*%0-%
:'6-*C%()*/%-'07%,#/-*n4*/,*-%N*"*%-#%A0h'""*%()'(%D#-(46'(*%
$4-(%A*%("4*>%

9;Q%



^#/YK4,607*'/%.*#$*("E%

R/%=g9QC%^0O#6'0%S#A',)*I-OE%"*'60h*7%()'(%()*%D'"'66*6%
D#-(46'(*%N'-%\4-(%#/*%D#--0A6*%'--4$D+#/>%

•! R/-(*'7%#:%-'E0/2%`()*"*%0-%'(%$#-(%#/*%60/*%()"#42)%
'%D#0/(%D'"'66*6%(#%'%20I*/%60/*Ca%)*%*HD6#"*7%()*%
'--4$D+#/%()'(%`()*"*%'"*%$'/E%60/*-ma%

•! z/60O*%5',,)*"0 C%S#A',)*I-OE%"*'60h*7%()'(%"*-46+/2%
-E-(*$%N'-%'-%,#/-0-(*/(%'-%K4,607c-%

•! R/I*/(*7%92.$&%-"'(%2*#$*("E%

9;B%



[*)'I0#"%#:%kED*"A#60,%.*#$*("E%

•! M)*"*%'"*%/#%-0$06'"%("0'/26*-%*H,*D(%
,#/2"4*/(%#/*-%

•! 5D',*%0-%,4"I*7%0/%'%`,#/,'I*a%N'E%
–!54$%#:%'/26*-%#:%("0'/26*-%7#/c(%-4$%(#%=g?C,%

–!M)*%A022*"%()*%("0'/26*-C%()*%-$'66*"%()*%'/26*-%

9;X%



L*',+#/%(#%S#A',)*I-OE%

•! L*-46(-%0/0+'66E%70-$0--*7%AE%L4--0'/%
$'()*$'+,'6%,#$$4/0(E%

•! KI*/(4'66E%"*,#2/0h*7%AE%.'4--%'-%I'607%
•! G_*"%$'/E%E*'"-C%'/%',,*D(*7%D'"(%#:%

$'()*$'+,-%

•! M#7'EC%,#/-07*"*7%'%$#/4$*/('6%70-,#I*"E%

9;f%



^0O#6'0%RI'/#I0,) %S#A',)*I-OE%
W=fV9Y=gBXZ%

•! !"#$%$0/#"%D"#I0/,*C%
N*/(%(#%$0/#"%4/0I*"-0(E%

•! L*I#64+#/0h*7%2*#$*("E%
•! K6*,(*7%(#%.•‚/2*/ %

G,'7*$E%#:%5,0*/,*-%%

•! J0*7%A60/7%'/7%
0$D#I*"0-)*7%

•! !0"-(%2"*'(%L4--0'/%
$'()*$'+,0'/%

9;g%



1'"'66*6%J0-,#I*"E%

•! k4/2'"0'/%$'()*$'+,0'/% r‡/#- %[#6E'0%70-,#I*"*7%
/#/YK4,607*'/%2*#$*("E%'(%'6$#-(%()*%-'$*%+$*>%

•! [#6E'0c-%:'()*"%-*/(%)0-%-#/c-%N#"O%(#%.'4--C%N)#$%
)*%O/*N>%%.'4--%70-$0--*7%0(%'-%/#()0/2%)*%)'7/c(%
'6"*'7E%()#42)(%#:>%

•! 3"4-)*7%AE%()*%"*-D#/-*C%[#6E'0%A*,'$*%$*/('66E%
4/-('A6*%'/7%A*60*I*7%.'4--%-(#6*%)0-%07*'-%'/7%
D4A60-)*7%()*$%'-%S#A',)*I-OE>%

9;V%



b)0,)%.*#$*("E%J*-,"0A*-%@4"%L*'60(Ej%

•! .'4--c-%D"#D#-*7%*HD*"0$*/(T%
=>! !0/7%()"**%$#4/('0/-%,6#-*%(#2*()*">%
9>! z-*%-4"I*E0/2%*n40D$*/(%#/%*',)%D*'O%(#%$*'-4"*%

()*%'/26*->%
;>! R:%()*E%-4$%(#%=g?†C%K4,607%0-%"02)(>%%%

R:%6*--C%S#A',)*I-OE%0->%

•! ^#%6#/2*"%$'P*"-%
–!&'()*$'+,0'/-%)'I*%-)#N/%0/7*D*/7*/,*%#:%B () %

D#-(46'(*%
–!&'()*$'+,-%A*,'$*%D4"*6E%:#"$'6%*H*",0-*%

9Q?%



M)0/2-%(#%3#/-07*"%

•! K4,607c-%Q"$3$0+*%0-%-+66%()*%,'/#/0,'6%*H'$D6*%
#:%'/%'H0#$'+,%-E-(*$%#I*"%9???%E*'"-%6'(*">%

•! q*(%*I*/%()0-%-E-(*$%()'(%)'-%-(##7%()'(%
'$'h0/2%(*-(%#:%+$*%,'/%-+66%A*%*HD'/7*7%(#%
"*I*'6%/*N%0/-02)(-%8%\4-(%'-O%S#A',)*I-OE>%

•! M)*"*:#"*C%/*I*"%'--4$*%()'(%()*"*%0-%/#()0/2%
A*E#/7%()*%(*H(A##O%-#64+#/>%

9Q=%



S*,(4"*%=X%

G"0()$*+,%:"#$%()*%."#4/7%zD%
W3#I*"-%$'(*"0'6%:"#$%5*,>%V>BYV>gZ%



L*()0/O0/2%.*#$*("E%

•! M)*%2"*'(%$'()*$'+,0'/%J'I07%k06A*"(%-D*/(%
=?%E*'"-%,#$0/2%4D%N0()%'%/*NC%$#"*%"02#"#4-%
'H0#$'+,%-E-(*$%:#"%2*#$*("E>%

•! k06A*"(c-%-E-(*$%)'-T%
–!f%'H0#$-%#:%,#//*,+#/%
–!Q%'H0#$-%#:%#"7*"%
–!=%'H0#$%#:%D'"'66*6-%
–!X%'H0#$-%#:%,#/2"4*/,*%
–!=%G",)0$*7*-c%'H0#$%
–!=%,#$D6*(*/*--%'H0#$%

9Q;%



!#"$'60-(%GDD"#',)%

]0$)3,*+)%$)!%"$)+-)*!2)^+!%"$*S)(9!'&*S)%$$&_3,#*R)
$!(9)13$)'0)."!($)-5)^.-'0+*S)"'0$*S)."!0$*@R)%

% % % % % % % % % % % %YY%J'I07%k06A*"(%

•! k06A*"(%'7I#,'(*7%'%:#"$'60-(%'DD"#',)%(#%
$'()*$'+,-C%N)*"*%"*-46(-%,#467%A*%D"#I*7%N0()#4(%
"*6E0/2%#/%0/(40+#/-%'A#4(%()*%"*'6%N#"67>%

9QQ%



J'I07%k06A*"(%W=gX9Y=VQ;Z%

•! 1"#:*--#"%'(%.•‚/2*/ %

•! &'/E%,#/("0A4+#/-%(#%
$'()*$'+,-%'/7%D)E-0,-%

•! 1"#D#-*7%9;%D"#A6*$-%
()'(%7"#I*%$4,)%#:%9?() %
,*/(4"E%$'()%"*-*'",)%

•! b#"O%#/%$*,)'/0h0/2%
$'()*$'+,-%6*7%(#%
$#7*"/%()*#"E%#:%
,#$D4('+#/%

9QB%



L*()0/O0/2%G"0()$*+,%

•! R('60'/%$'()*$'+,0'/%.04-*DD*%1*'/# %)'7%'%
-0$06'"%07*'%'A#4(%A40670/2%'%/*NC%$#"*%
"02#"#4-%'H0#$'+,%-E-(*$%:#"%'"0()$*+,%

•! 14A60-)*7%[-&3,"!&'- )W!+9$3!1(- )
W`&'()*$'+,'6%!#"$46'-aZ%0/%=gVV%8%'%A##O%
,#/('0/0/2%'66%*--*/+'6%()*#"*$-%0/%
$'()*$'+,-%

•! R/I*/(*7%$4,)%#:%()*%-E$A#60,%/#('+#/%4-*7%
(#7'E%Wn4'/+]*"-C%-*(%#D*"'+#/-C%*(,>Z%

9QX%



1*'/#c- %GH0#$-%

9Qf%

There is a set N called the �Q�D�W�X�U�D�O���Q�X�P�E�H�U�V:

1. ! 0 " N
2. #�Q" N : ! �Q! " N -- called its �V�X�F�F�H�V�V�R�U

3. #S $ N : (0 " S % #�Q: �Q" S =& �Q! " S) =& S = N
4. #�Q, �P " N : �Q! = �P! =& �Q= �P

5. #�Q" N : �Q! '= 0



1*'/#c- %GH0#$-%0/%K/260-)%

=>! w*"#%0-%'%/'(4"'6%/4$A*">%

9>! KI*"E%/'(4"'6%/4$A*"%)'-%'%-4,,*--#">%

;>! R:%'%-4A-*(%#:%/'(4"'6%/4$A*"-%,#/('0/-%h*"#C%'/7%
*I*"E%*6*$*/(%0/%()*%-4A-*(%)'-%'%-4,,*--#"%0/%()*%
-4A-*(C%()*/%()*%-4A-*(%,#/('0/-%'66%/'(4"'6%/4$A*"->%

Q>! R:%(N#%/'(4"'6%/4$A*"-%)'I*%()*%-'$*%-4,,*--#"C%
()*/%()*E%'"*%*n4'6>%

B>! w*"#%0-%/#(%()*%-4,,*--#"%#:%'/E%/'(4"'6%/4$A*">%

9Qg%



1*'/#c- %M)0"7%GH0#$%

`R:%'%-4A-*(%#:%/'(4"'6%/4$A*"-%,#/('0/-%h*"#C%'/7%
*I*"E%*6*$*/(%0/%()*%-4A-*(%)'-%'%-4,,*--#"%0/%()*%
-4A-*(C%()*/%()*%-4A-*(%,#/('0/-%'66%/'(4"'6%/4$A*"->a%
•! t/#N/%'-%!<'-3)-5)'0/,(1-0)

•! R$D60*-%()'(%()*"*%'"*%/#%`4/"*',)'A6*a%/'(4"'6%
/4$A*"-%
–!R:%E#4%-('"(%N0()%h*"#%'/7%O**D%('O0/2%-4,,*--#"C%E#4c66%

*I*/(4'66E%2*(%(#%*I*"E%/'(4"'6%/4$A*"%

9QV%



.04-*DD*%1*'/# %W=gBgY=V;9Z%

•! J0-,#I*"*7%-D',*Y]660/2%
,4"I*%

•! R/I*/(*7%'%6'/24'2*%:#"%
N"0+/2%-,0*/,*%'/7%
$'()%4/'$A024#4-6E%

•! 14A60-)*7%$4,)%#:%)0-%
N#"O%0/%()0-%6'/24'2*%

•! &#-(%)'-%/*I*"%A**/%
("'/-6'(*7%

9B?%



R/7*D*/7*/,*%#:%1*'/# %GH0#$-%

•! k#N%7#%N*%O/#N%'66%#:%1*'/#c- %'H0#$-%'"*%
/**7*7j%

•! b*%,'/%("E%"*$#I0/2%*',)%'H0#$%'/7%-)#N%
()'(%()*%"*-46+/2%-E-(*$%7#*-%/#(%,'D(4"*%
N)'(%N*%$*'/%AE%/'(4"'6%/4$A*"->%

9B=%



L*$#I0/2%KH0-(*/,*%#:%?%GH0#$%

%
•! R:%N*%"*$#I*%()0-%'H0#$C%N*%'"*%:#",*7%(#%7"#D%!""%

'H0#$-%()'(%"*:*"%(#%h*"#>%

•! b0()%/#%*6*$*/(-%(#%-('"(%N0()C%()*%#()*"%'H0#$-%
/*I*"%'DD6E%'/7%,'/%A*%-'+-]*7%N0()%()*%*$D(E%-*(>%

•! M)*%*$D(E%-*(%0-%/#(%'%$#7*6%#:%/'(4"'6%/4$A*"->%

9B9%

�0 � N



L*$#I0/2%M#('60(E%#:%54,,*--#"%GH0#$%

•! R:%N*%"*$#I*%()*%"*n40"*$*/(%()'(%*I*"E%I'64*%)'I*%
'%-4,,*--#"C%N*%*/7%4D%'66#N0/2%]/0(*%-*(-%60O*%u?v%#"%
u?C%=C%9v>%

•! ^#%]/0(*%-*(%0-%'%$#7*6%#:%/'(4"'6%/4$A*"->%

^#(*T%%@/%,#$D4(*"-C%N*%20I*%4D%()0-%'H0#$C%A*,'4-*%
#4"%7'('%(ED*-%'"*%]/0(*>%

9B;%

�n � N : �n� � N -- called its successor



L*$#I0/2%R/74,+#/%GH0#$%

•! R:%N*%"*$#I*%()0-%'H0#$C%()*/%N*%*/7%4D%N0()%$#"*%
0/(*2*"Y60O*%()0/2-%()'/%()*"*%'"*%0/(*2*"->%

•! M)*-*%`4/"*',)'A6*a%/4$A*"-%'"*%,'66*7%("'/-]/0(*%
#"70/'6-C%7*-02/'(*7%AE%ˆ >%

•! u?C%=C%9C%;C%mC%ˆ=C%ˆ=e=C%ˆ=e9C%mC%ˆ9C%ˆ9e=C%ˆ9e9mv%
•! 36*'"6E%/#(%'%$#7*6%#:%/'(4"'6%/4$A*"->%

9BQ%

�S � N : (0 � S � �n : n � S =� n� � S) =� S = N



L*$#I0/2%R/I*"+A060(E%#:%54,,*--#"%GH0#$%

•! R:%N*%"*$#I*%()*%"*n40"*$*/(%()'(%*n4'6%-4,,*--#"-%
)'I*%*n4'6%D"*7*,*--#"-C%N*c"*%'66#N0/2%‰Y-)'D*7%
-("4,(4"*-%

•! K>2>%u?C%=C%=C%=C%mv%#"%u?C%=C%9C%;C%9C%;mv%

•! G/%0(*$%,#467%)'I*%$46+D6*%D"*7*,*--#"-C%-#$*%
*'"60*"%0/%()*%-*n4*/,*%'/7%-#$*%6'(*"%

•! G66%()*-*%-("4,(4"*-%'"*%]/0(*C%-#%7#%/#(%$#7*6%
/'(4"'6%/4$A*"->%

9BB%
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•! R:%N*%"*$#I*%()0-%'H0#$C%N*c7%'66#N%-("4,(4"*-%()'(%
6##D%A',O%(#%h*"#%

•! K>2>%u?C%?C%?mv%#"%u?C%=C%?C%=C%?C%=mv%
•! G2'0/C%()*-*%'"*%]/0(*C%-#%7#%/#(%$#7*6%/'(4"'6%

/4$A*"->%

9BX%

�n � N : n� �= 0
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•! 1*'/#c- %'H0#$-%D"#I07*%'%:#4/7'+#/%:#"%
'"0()$*+,%#/%/'(4"'6%/4$A*"-%

•! b*%,'/%,"*'(*%7*]/0+#/-%#:%'770+#/%'/7%
$46+D60,'+#/%-('"+/2%N0()%()*-*%'H0#$-%
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a + 0 = a
a + b′ = (a + b)′
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?%0-%()*%6*_%'770+I*%07*/+(E%

0 + a = a

A'-0-T%

0 + 0 = 0
0/74,+I*%-(*DT%

0 + a = a    ⟹    0 + a′ = (0 + a)′ = a′ %%

9BV%
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a CÙ 0 = 0
a CÙ b′ = (a CÙ b) + a

9X?%



&46+D60,'+#/%AE%h*"#%#/%()*%6*_%

0 CÙ a = 0

A'-0-T%

0 CÙ 0 = 0
0/74,+I*%-(*DT%

0 CÙ a = 0    ⟹    0 CÙ a′ = 0 CÙ a + 0 = 0%%

9X=%



J*]/0+#/%#:%=%

1 = 0′

G770/2%=:
a + 1 = a + 0′ = (a + 0)′ = a′

&46+D6E0/2%AE%=:
a CÙ1 = a CÙ 0′ = a%CÙ 0 + a = 0 + a = a)

9X9%
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(a + b) + c = a + (b + c))
A'-0-T%

(a + b) + 0 = a + b = a + (b + 0)
0/74,+I*%-(*DT%

(a + b) + c = a + (b + c) ⟹
(a + b) + c′ = ((a + b) + c)′

 = (a + (b + c))′
   = a + (b + c)′

      = a + (b + c′)
)

)
)
%

9X;%
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a + 1 = 1 + a 
A'-0-T%

0 + 1 = 1 = 1 + 0
0/74,+I*%-(*DT%

a + 1 = 1 + a  ⟹
a′ + 1 = a′ + 0′

  = (a′ + 0)′
       = ((a + 1) + 0)′

  = (a + 1)′
           = (1 + a)′

   = 1 + a′
%

9XQ%



3#$$4('+I0(E %#:%G770+#/%

a + b = b + a 
A'-0-T%

a + 0 = a = 0 + a
0/74,+I*%-(*DT%

a + b = b + a   ⟹
a + b′ = a + (b + 1)

 = (a + b) + 1
          = (b + a) + 1

 = b + (a + 1)
          = b + (1 + a)

 = (b + 1) + a
 = b′ + a%

9XB%
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'22"*2'(*C%*(,>C%'"*%'-%,#$D6*H%'-%()'(%#:%/4$A*"Z>a%

.04-*DD*%1*'/# %

•! R:%E#4%7#/c(%'6"*'7E%O/#N/%N)'(%()*E%'"*C%1*'/#c- %
'H0#$-%N#/c(%(*66%E#4>%

•! R/-(*'7C%()*%'H0#$-%5-&3!"'=$%#4"%*H0-+/2%07*'->%

9XX%
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•! 1*'/#c- %'H0#$-%2*(%4-%(#%()0/O%'A#4(%N)0,)%
D"#D*"+*-%#:%/4$A*"-%'"*%*--*/+'6%'/7%N)0,)%
'"*%/#(>%

•! M)0-%0-%'%2##7%'‚(47*%(#%('O*%N)*/%-(47E0/2%
()*%7#,4$*/('+#/%#:%'%D"#2"'$$0/2%
0/(*":',*>%
–!b)E%0-%()'(%"*n40"*$*/(%0$D#-*7j%
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()*"*j%

9Xf%


